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PREFACE. 


"HE Uſe of Trigonometry is fo great in all the 
Parts of the Mathematics, that He muſt have made 
a very little Progreſs therein, who is not ſenſible of 

it. Its help is calPd in upon every Occaſion, and its 
great Service is clearly apparent in Calculations of all Sorts, 
both upon the Earth, upon the Seas, and in the Heavens. 
By this, the Diſtances of Oljects upon the Earth may be 
certainly known, if they can but be ſeen; tho" we cannot 
come near to meaſure them : Likewiſe the geographical 
Diſtances of Places on the Earth; and their ſeveral 
Poſitions to one another. Navigation depends entirely up- 
on it. Surveying and Dialling owe their greateſt Ex- 
attneſs to it. It is of ſingular Service in military Affairs: 
And Mars, without this, might live peaceably at Home. 
Upon the Wings of Trigonometry (as Plato ſays), we 
mount up from the Earth to the Heavens, meaſure the 
Diſtances of all the Stars, and range them in their pro- 

per Order. And without it Urania's Sons may throw a- 

lde their Inſtruments, their Books and Tables; or rather, 

* without this, they would never have had any ſuch thing; 

and conſequently Mankind had remained utterly ignorant 
of this moſt beautiful Syſtem of the World. In ſhort, the 
Art of Trigonometry is of ſuch univerſal Uſe and Extent,that 
it would be an endleſs Taſk to enumerate all the various 
purpoſes to which it is ſubſervient ; and the moſt important 


Branches of Knowledge would be leſt and uſeleſs if we 
Wanted it, 


We. 


WE. 
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This makes me wonder that no body has given us an en- 
tire Syſtem of this Art; which ſhall contain all the _ © 
Principles, as well as the Rules of Practice. Inſtead 7 
that, moſt Authors content themſebves with little more ban 
explaining the common Caſes of ſolving Triangles, and 
fill up their Books with beaps of Examples, to ſhew the 
Uſe and Application thereof : Whilſt they dip very little 
into the Theory, and leave the Principles thereof very 
much in the Dark. ” 


In this Treatiſe I have adventured to lay down the out 
Whole both Theory and Practice; and to take in all nea 
Things of any Conſequence that any way belong to the An 
Subjeft. And here 1 account all theſe Properties of Tri- by. 
angles or other Figures that have any Relation to the ber 
meaſuring their Angles by Degrees, or by Sines, and Tan- obl 
gents, &c. 10 belong to Trigonometry, as their proper cul 
Subject: referring their other Properties to Geometry, 
—_ have no ſuch Regard to the Meaſures of their in- 
Lies, : 4 De 


In purſuance of this Deſign, I have in the firſt Book II 
laid down in a few Propoſitions, the Relations of Sines, Pr 
Cofines, &c, of Arches , likewiſe of the double Arches, © the 
and of the Sums and Differences of Arches. Among which mo 
there are a few Propoſitions, ſo extenſfve and general, as o 
to comprehend a great Number of particular Propofitions, C 
evident only by Inſpection. | mi 


Then I have given the Method of calculating natura! 
and artificial Sines, Tangents, &c. of any Arch: And ve 
from thence thoſe of their multiple Arches. And here 1 | gel 
| have been obliged to have Recourſe to the Method of A 
Fluxions, and the Method of Increments ; there being no tio 
other poſſible way to effef it. Which if any of my Readers © 
bappen not to underſtand, they may paſs by the Inveſtiga- 
tons, and make equal Uſe of the Concluftons, nevertheleſs. the 


14 
Then 
du 
7 


4 


. 


en you have a fem general Propefitions concerning 
angular Sections, Inſcription of Polygons, and 


7 
5 
a 
tbe Solution of all the Caſes, ſeveral ways. Rig 

Regled Triangles are reſolv d arithmetically, logarithmically, 
and algebraically: And oblique ones logarithmically and 
algebraically. By the firſ® Method all the Caſes of right 
angled Triangles are reſolved by common Arithmetic, with- 
out any Books or Tables whatever. And this comes very 
near the Truth, and is ſufficiently exact for common Uſes : 
And is no further burthenſome to the Memory than getting 
y heart two or three Proportions, with certain fixt Num- 
bers; and the 47. I. Euclid. And the ſame way may 
® oblique Triangles be reſolved, by letting fall a Perpendi- 


Ic 
a 


Te PREFACE. 
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Properties of Chords inſcrib'd in @ Circle. 
I the ſecond Book you have plain 9 
an 


In the third Book you have all that is material in the 


Doctrine of the Sphere; likewiſe the Properties of 
Spherical Triangles ; and the Principles of Spherical 
2 Trigonometry ; in which are ſome compound or general 
* Propoſitions, including ſeveral particular ones. Among 
* theſe there are ſome that I have taken the Liberty to de- 
monſtrate algebraically, to avoid a more prolix Method 
o» Demonſtration. Then follows the Solution of all the 
23 Caſes of ſpherical Triangles ; in oblique ones both logarith- 
2 mically and algebraically. 


In the firſt Sect. of the firſt Book, I have inſerted ſe- 


veral Scholia here and there : The uſe of which to Al- 
2 gebraiſts, will be too evident to be further inſiſted on. 
And for the ſame Reaſon it was, that 1 inſerted the Solu- 
tion of the Caſes algebraically. 


All theſe Things being laid down here in this Book, in 


F " the ſhorteſt Manner poſſible ;, I think 1 may venture to 
3 entitle it The Elements of Trigonometry. I won't 


Jay 


He PREFACE. 
fay that T have quite exhauſted the Subject, but I am of 
Opinion that 1 have omitted litth or nothing of any Con. 
Sequence. N | 

I would be needleſs giving any Examples in Numbers 
85 likewiſe the Application of Trigonometry to any Par 
of Mathematicks : That being very eaſy for the Reader 
Bs de  bimſelf ; eſpecially as all Authors abound in thee 


J If what I have done meet with general Approbation, | 1 
I have my End; if not 1 can only ſay, 1 


In magnis voluiſle ſat eſt. . 
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HE Relations and Properties of the Sines, Tangents, 
= Secants &c. of Arches: The Calculation theres 


= both natural and artificial: And alſo thoſe of multip 
= Arches: R. * Sections, &c. Page 1 
n, SECT. I. The Relation of the Sines, Tangents, Se- 
cants, &c. of Arches. 1 
SECT, II. The Calculation of natural Sines, Tangents, 
7 Secants &c. * 


235 
SECT, III. The Calculation of logarithmic Sines, Tan- 
= gents, Secants, &c. „„ 
SECT. IV. The Calculation of the Sines, Cofines, &c, 
e multiple Arches. _—_— 

SECT. V. Angular Sections; the Inſcription of Po 
ons; the Properties of the Chords or Subtenſes . of 
2 Arches; | | "my 


BOOK II. 


lain Trigonometry, or theDofrine of plain Triangles 88 
SE C T. I. The Relations and Proportions among the 
Sides and Angles of plain Triangles. 89 
SECT. II. The Solution of all the Caſes of plain Tri- 
angles, 103 


BOOK 


Ne CONTENTS 


BOOK III. 
The Doctrine of the Sphere, and ſpherical Trigono- 
p. 115 
SE E Cn T. I. The 7 985 77 ſpherical Angles 155 
Arches. 17h 
SECT: I. The Aﬀettions ious of Spherical. Triang Ta 
SECT. III. Proportions for Talcularing the Si r 
Angles of ſpherical Triangles. 139 
SE e T IV. The Solution of all the Caſes of ſpberical 
Triangles. 1468 1671 — 
Fel Barry E 
e | Charadters 1. din this . F 
3.499%, > RTE 
5 ung WS 
: F. Subtraction of che blen Quantity q 
Multply'd by. I— 
: Popes to. wen” I 
SD Proportion. 4 kh 58 - Wr. 
— Leſſer han | | | 1 F 
Angle. 3 e | ; the 


The a ; 
8. Sine; Col. Coſine; T. Tangent; Cot. cotangent; 
Sec. Secant; Coſec. Coſecant; verſ. verſed ſine; 
Sup. Supplement: j eg; 99 z diff. * 
ference. | 


Fr | 


THE 
ELEMENTS 


O F 


ITRIGONOMETRY. 


ol — 


SO © 4 


We Properties of Sines, Tangents, Secants, &c. of 


Arches ; the Calculation of them, both natural, 
and artificial ; and alſo thoſe of multiple Arches 
angular Sections, &c. 


„ — 


DEFINITIONS. 


ference as AB. A Quarter of the Circum- 


b I. \ N Arch of a Circle is any Part of its Circum- 


nt; 
ne; 


dif- 


ference is called a Quadrant as AD; and 


L the half a Semi-circle as A DI. | 


2. The Radius is a Line drawn from the Center to 
the Circumference, as CA. 


3. The Complement of an Arch is what it wants of 


$a Quadrant, BD is the Complement of AB. 


4. The Supplement is what it wants of a Semi-cir- 


I le, as BI is the Supplement of AB. 


Cor. 1. The Difference of two Arches is = Diffe- 


Fence of their Supplements. 


Cor. 2. The Complement of half an Arch is equal 


to half the Supplement of the whole Arch. For let 
3 be a Quadrant and A an Arch; then Q=—£A is 


he Complement of half the Arch, and 2Q—A is 


B the 


FIG. 


———— — 


2 


half the Arch. For if A TT B, then Z AC T= 
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FIG. the Supplement of the Whole, and Q—-; A is half 
= I. 


the Supplement of the Whole. =. 
Cor. 3. The Difference of an Arch and its Comple- WF 
ment is equal to the Complement of twice the Arch. 


A Q—A i the Difference of the Arch and its Com- 
plement, and 2A< Q 1s the Complement of twice t. 
the Arch, but A AR D AQ. q * 
5. The Chord or Subtenſe of an Arch AB, is a Toy 
right Line AB draw between the extream Points of ger 
the Arch. 4 2pe 
6. The Sine (or right Sine) of an Arch AB, is a ] 


right Line B F drawn from one End of the Arch per- 1 e 


pendicular to the Diameter paſſing thro the other the 
End of it. 4 pic 

Cor. The Sine of an Arch is half the Cord of the 
double Arch. 1 

7. The Co/ine of an Arch is the Diſtance between 
the Center and the Sine, as CF. 4 

8. The verſed Sine of an Arch AB, is the Part of 
the Diameter, between the Beginning of the Arch 
and the Sine, as AF. £ 

Cor. The verſed Sine + Coſine = Radius. 1 

9. The Coverſed Sine is the Line DE, between the 
End of the Quadrant AD, and BE perpendicular to fe 
DC. 0 
10. The Tangent of an Arch BA is the Line A G the 
drawn from one End A of the Arch perpendicular to Part 
the Diameter, till it cuts the Line C BG drawn thro' * 1 
the other End of the Arch. AC 

11. The Cotangent of an Arch A B is the Line DH Deg 
drawn perpendicular to DC at the End of the Qua- A 
qdrant AD, till it meet the Line C B H drawn thro' * 
the Top of the Arch AB. 

12. The Semi-tangent of an Arch AB, is the Line 12 T 
KC intercepted between the Center and the Line IK 
paſſing thro' the End B of the Arch. en 

Cor. The Semi-tangent of an Arch is = tangent of or 
0 


way 


£<AIB. Whence CGREAR 13, The 


ook I. f TRIGONOMETRY. 
f 3 


drawn from the Center of the Circle, thro* the Top 
of the Arch A B, till it meets the Tangent A G. 
14. The Coſecant of an Arch AB is the Line CH 
drawn from the Center, thro' the End B of the Arch, 
e till it meets the Co-tangent D H in H. 
*X Cor. 1, Hence the Coſine, Cotangent, Coſecant, 
a coverſed Sine of an Arch, is equal to the Sine, Tan- 
of gent, Secant, verſed Sine, of its Complement re- 
Apedtively. 
2 For the Sine EB of the Arch DB (the Comple- 
r- ment of A B) is = CF the Coſine of AB. Alſo DH 
er the Cotangent of AB, is the Tangent of its Com- 
plement DB. Alſo CH the Coſecant of AB = Se- 
he ant of its Complement DB. And laſtly DE the 
*Coverſed Sine of AB is the verſed Sine of its Com- 
plement DB. 
Cor. 2. A Sine, Tangent and Secant, Coſine, Co- 
"tangent, Coſecant, and coverſed Sine are common 
%o two Arches which are the Supplements of each 
"Other. For theſe Lines belong as well to the Arch 
TB, as to AB. | 
135. A Degree is the 360" Part of the Circumfe- 
xence of every Circle; and therefore a Semi-cricle 
ontains 180 Degrees, and a Quadrant 9oꝰ. Alſo 
the 60'Þ Part of a Degree is called a Minute, the 60th 
Part of a Minute a Second, Sc. 
16. An Angle AC is the Inclination of two Lines 
AC, CB; and the Meaſure of that Angle is the 
Degrees in the Arch AB. | 
1 ? Note, The middle Letter ſtands at the Angle. 
% SCHOLIU M. 
Line Tho' the Coſine, Tangent, Cotangent and Secant 
Wwe common to two Arches which are the Supple- 
nents to each other; yet in an Arch greater than a 
os theſe Lines are truly negative, and muſt 
e ſo eſteemed, becauſe they are drawn the contrary 
The Way to thoſe in an Arch leſs than a Quadrant. And 
x . B 2 there- 


IK 
it of 
T= 


13. The Secant of an Arch AB is the Line CG FIG, 


FIG. therefore the Sine, coverſed Sine, and Coſecant, are 


1. 
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always affirmative in all Arches leſs than a Semi- 
circle, but negative in greater Arches. And in ge- 
neral the Sines of all Arches in the firſt and ſecond 
adrants are affirmative, in the third and fourth nega- 
tive. The Coſines in the firſt and fourth Quadrants 
are affirmative, in the ſecond and third negative. 
The Tangents in the firſt and third Quadrants | are 
affirmative, in the ſecond and fourth negative. The 
Cotangents in the firſt and third are affirmative, in 
the ſecond and fourth negative. The Secants in the 
firſt and fourth are affirmative, in the ſecond and third 
negative, The Coſecants in the firſt and ſecond are 
affirmative, in the third and fourth are negative. 
All verſed Sines are affirmative: Moreover Sines, Q 
Tangents, &c. of negative Arches are contrary in 
their Signs to thoſe of affirmative Arches. 


Sect. I. of TRIGONOMETRY. 


ü- 

oy We Relation of the Sines, Tangents and Secants of 
io Arches. 

42 5 155 

1e PROP. I. 

* In any Arch, theſe are reſpectively porportional, 
the Radius : Sine : Cofme 

ird Secant : „ü A _:: 

are Coſecant : Radius : Cotangent. 

ve. The Meaning of the Propoſition is, that any four 


ies, Quantities lying in Form of a Rectangle are propor- 
in tional. As thus; Rad: Sine : : Secant : Tangent. Or 
Rad: Coſine : : Secant : Radius. Or Tangent: Ra- 
2 divs : : Radius:: Co-tangent. Or Cotangent : Co- 
ſine : : Coſecant : Radius. And ſo of others. The 
ſame is to be underſtood of the following Propoſiti- 
ons. Likewiſe if you have ſeveral Quantities placed 
thus, A: B: C:: D: E: F, the meaning is, that 
A: B:: D: E, or A: C:: D: F, or B: C:: E: 
EF, Sc. or laſtly if A: B:: C: D:: E: F, Sc. it 
ſigniſies that A: B:: C: D, or A: B:: E: F, or 
CC: D: E: F, and ſo of others. 
Por in the Similar-triangles BFC, GAC, CDH; 
eee: GA : AC:: CH: CD: DH. 
Cor. 1. Radius Square = Sine Square + Coſine 
Square = Secant Square — Tangent Square = Coſe- 
cant Square — Cotangent Square. For the Tri- 
angles BFC, GAC, CDH are right angled. 
Cor. 2. Radius Square Tangent x Cotangent = 
2+ Coline x Secant = Sine x Coſecant. 
Cor. 3. In any Arches, the Sine is as the Coſine x 
Tangent, or as Tangent divided by Secant, or as Co- 
> ſine divided by Cotangent, or reciprocally as the Co- 
ſecant. . 
Cor. 4. Tangent is as the Sine * Secant, or as 
B 3 Sine 


FIG. Sine jo Secant 


1 


Book I. 


„or reciprocally as the Cotan. 


hne  Coſecant 


— A 
Cor. 3. Secant is as Tangent x Coſecant, or 2 — 
Coſecant I Tv; 
—— or as — fe or reciprocally as the Coſine. 
Sine Cotangent ' 8 
Cor. 6. Coſine 1s reciprocally as the Secant, Co- 
tangent reciprocally as the Tangent, Coſecant reci- 
procally as the Sine. 17 
Cor. 7. The Sum of the Squares of the Sine and 
verſed Sine of an Arch = 4 times the Square of the 
Sine of half the Arch. For AB=2 AL, and the 
Triangle AB F is right angled. h 4 
Cor. 8..The Cord of an Arch is a mean Proporti- * 
onal between the verſed Sine and Diameter. For 9 
AF, AB, Al are continually Proportional. 3 ; 
SCHOLIUM. F 
Let Azany Arch. = Tangent «o =Coſecant. * 6: 
7 Radius. 7=Cotangent wv=verſed Sine, 
S Sine. {=Secant V=verſ.S.Sup. * 
c =Coline. F 
Then „. 
I. $5=Vrr—cc= = A eee I 
Vr Ir T 
6 — . — 2 
Lr Nx V=vV27 V—VV. 
7 | 
| = re 
II. c=7—v=V—r=vrr—s == = 
vrrbit / * 
ir YT F = 4 
1 Mn 3 
— 75 5, rr 328 
„ Vrr—ss Cc Sno + 
* 7 n de So #Eg. V/A rU—v0_rv2rV _V* 
T if — — k "we 


T Crane Ver 4 ö 
IV. r= F 
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tan „ FIG. 
I EV tr =—=—=_ == — nuns 
4 r I, 
Wore ret „ 
_ 
v8 Fee EF Dine? EV: 
ine, 
9 n re. Ir. 50 
= V./ Sit === === I = 
Co- 1 EE: IE. 
eci- 1 wala rr rr ro da rr 117 
49 22 1 T W rer i VT 
an 5 
L dt A. 8 tt 7 
# Ty N C 7 
the 
: r rr 
REAL LR = { — —— — 
Be Vr r 7 vſſ—rr Var 
or * 
; rr 
VII. om2r—V=r—c=r—v pr r—s =p — 
vrr+tt 
2 1 17 rr 
1 att === vo TFT. 
t. wrebrr C 
ine. r 
jup. VIILV=2r-v=r+vr r—s S=r bc — 
1 Vr rt 7 
A 1 7 - S „„ 1, SHA 
=_— EE 0 1 F 
Aer. 


* The coverſed Sine is eafily 9 expreſs'd by any of the 
= reſt, by only ſubtracting the Sine from Radius. 


Ii 
1 PROP. Il. 
In am Arch theſe Lines are reſpectively proportional. 
7 3 Radius : Sine of an Arch: Cofine Arch : : 


2 Sine Arch : Verſ. 2 Arch. : Sine 2 Arch :: 
2 Cine Arch: Sine 2 Arch :: Verſ. Sup. 2 Arch. 


For the Triangles CAL, BAF, IBF are ſimilar, 
r= B 4 and 


8 * 


* 
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FIG. and I B=2 CL, therefore CA: AL: CL:: BA: 
1. 


AF: BF:: IB: BF: IF. = 
Cor. 1. From hence and Prop. I. it is evident, that 

theſe are reſpectively proportional. h the 
Radius : Sine of an Arch : Cofine Arch :: 

| Secant Arch : Tangent Arch ; Ka Us ::. 

Coſecant Arch: Radius tangent Arch: * 


2 Sine Arch ; Verſ. 2 Arch : Sine 2 Arch: | l 
2 Caſine Arch : Sine 2 Arch : Verſ. Sup. 2 Arch. 


2 Sine Sguare 


—— 


Cer. 2. In any Arch, =-verſed Sine of 1 


— 
the double Arch, that 1 is =verl. 2A. See Sch. 
to Pr. I. a I: 
2 dn Xx Coſine . C 
Cr. 3. In any Arch, 9 Sine of the 1 2 
double Arch, ap S. 2A. 9 8 
Cor. 4: In any Arch 2 Cofine Square — Radius Square 1 
x EKeadius = 
= Coſine of the double Arch. For Coſ. 2 A=r— 2 
fr. 255 __rr=—=255S 2.Commry 'Y Jo 
ver = — „ | | ö bi 
Ger. 5. In any Arch, ** Square = Tan- 


Cotangent —Tangent 


5 gent of twice the Arch. For Coſ.: Sine :: Rad. : ; 'F 


2c -u — 
Tangent, that is by Cor. 4, 3. 5 22 3 
B 1 


3 2csrr 3 1. 2rr 
* —= (by 10 Pr. I.) — — 


* 1 
Cor. 6. In any Arch, + Cotangent — 4 Tangent if 
= Cotangent of the double Arch. This follows 


from Cor. 5, becauſe Radius Square divided by the | 
| Tangent! 8 = = Cotangent. | 


Ger. 


. bs Set. I. of TRIGONOMETRY. 9 


1 | Secant x Radius FIG. 
„ 2 Cogne — Secant "OE I, 
« q the double Arch. F or 2 5 2 = Secant, that 
A £ DOVE. 1 
. 1 1 | 
i by Cor. 4. r waa = (by Sch. Pr. I.) 
q g 
„ Secant of 2 Arch. 
72 
df i 
rr. 8. In any Arch, ect S Cofecant 
4 2 Radius 
h. 4 of the double Arch. For by Cor. 1. of this Prop. 
3 _ —S. 2 Arch, and (by Sch. Pr. I.) eden 
* I = Coſecant, that is A. becauſe = = &, by 
4 5” gr 5 


Schol. Pr. I. 
Cor. 9. In any Arch, — * So we 
verſed Sine of the Quadruple Arch. For, by Cor. 3. 

228. 2 A, and by Cor. 2. = verſed Sine 

= TT e227 i & 

of twice 2 A. | 
n- Cor. 10. Hence alſo, the verſed Sines of two 
 F Arches are as the Squares of the Sines of their half 
-: 2 Arches. 

Cor. 11. The Sines of two Arches are as the Rect- 
angles of the Sine and Coſine of their half Arches. 

4 Cor. 12. The Coſecants of two Arches are as the 

Rectangles of the Secant and Coſecant of their halt 

Alrches. 
nt Cor. 13. The verſed Sine of the Sup. of an Arch: 
ws 2 Radius : : Sine Square: Sine Square of + the Arch. 


be 
he = For verſ. Sup. 2A: Coſ. A:: S. zA: S. A. 
And 2Coſ. A: Rad.: : S. zA: S. A. whence 
Aj multiplying, verſ. Sup. 2A : Rad.: $*.2A : 88. A. 
rr. Cor. 


1 10 
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FIG. Cor. 14. What has here been demonſtrated of the . 


1 
45A and 45—A. d 
| | 2 
SCHOLIUM. ' & 
Hence alſo the Sines, Coſines, &c. of the double Arches 1 
may be expreſſed more univerſally thus, (See Sch. Pr. I.) 
1 2c5__255_2cc__2rs_2rc__ 2rrt 217 6 
r, e eee MET. ? 
: i 
= —*__= Sine of 2 Arch. 'q 
r1+TT=cc | 4 
4c 77— — — 
II. 282 DN e 4 
r r r ritt wht MSL 
EFF 5 
ma . 
= Cofine of 2 Arch. 3 S 
rear 


27. angent of 2 Arch. 


and Coſines to one another, holds 
equally true, in reſpect of the Chords of Arches, and # 
their Supplements; puting t e Diameter inſtead of 
Radius. A Y 
Cor. 15. Hence alſo it follows from Cor. 6. that 
the Difference between the Tangent and Cotangent 
of an Arch = twice the Tangent of the Difference be- 1 
tween that Arch and its Complement. d 
For the Difference between an Arch and its Com- 4 
plement is equal to the Complement of twice that 
Arch. Hence alſo q 
Cor. 16. Let A be any Arch leſs than 45” , then 1 * 
Tangent of 45 A = = Tangent of 45—A* +2 Tan- 
gents « of 2A. For 2A is the Difference of the Arches 7 


Relation of Sin 


rt — ra, 200—Tr rer 


FP „2, 


21 27 2 265 20c3 
= Co-tangent of 2 Arch. 3 
V. [ſr 


sed. I. of TRIGONOMETRY. 11 


che r 7 rr G. 

Ids V. . + = FI 
38 211 2 20c—rr Tr—-25 rr 

nd 


of = E, , = Secant of 2 Arch. 4 


T—/ T T7 7 


3 v ſe 1 re. 7 _rr+t t=f{ſ_T-t _ 
cid ag. 25 2c 2cs . 
de- . = Coſecant of 2 Arch. 

3 2 r NF 
m- 4 25 ꝛ2rr— 2c 2 2x2 . 27521. 
nat 4 8 Yr 2 F r r rr+tt=ſſ 

kl 2rt 27 _2rs_ ſſ—-rr 1 f—c 
* TþHt rr e «© [/ 
n- = verſed fine of 2 Arch. | 
163 3 VIII.2 442 SES — STrF 2 277 Sara 2 3 
P r rr rr+rrt tor 
4 2 * 2 __ 20 —277 — _ Vonif_ r—o| _ 
1 1 * OO 7 A564 


1 ver ſ. Sup. 2 A. 

he coverſed Sine may be expreſs'd by any of the Reſt, 
y ſubtrafing the Value of the Sine from Radius. Alſo 
* other Values of each Quantity may be inſerted by Sch. 


Fr. J. 
4 0. 
. 4 If three Arches AF, AN, AP be in arithmetic Pro- 2, 
+ 7 greſſion, then theſe are reſoectively proportional. 
„ : 3 Radius :S. mean Arch : Cof. mean Arch 
2. mean Arch : Verſ.2 mean Arch.: S. 2 mean Arch = 
= 2 Cof. mean Arch: S. 2 mean Arch. : Verſ.Sup.2 mean Arch :: 
> 28. common Diff. : Diff. Coſ. Extreams : Diff. Sin. Extreams :: 
- | 2 Cof. com. Diff. : Sum. Sin. Extreams: Sum Coſ. Extreams. 
Note, Diff. Sines = S. greater Arch — S. leſſer Arch. 


Diff. Cofines = Cop. leſſer — Coſ. greater Arch = 

Diff. verſed Sines = verſ. greater — verſ. leſſer 

Arch, univerſally. 

Draw PCM and PF and MF; and AD FP, 
and FS AB, and CE, MS TAB. Then MS 
| 3 PG+ 


12 
FIG. PG+FH, and SF=CG-+CH. And Arch OM 


FM: MS: Fs. 2E. b. 


therefore in any two Arches, 
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PN NF. Therefore MF | NC, and MF=2 CR. 
Whence the Triangles CA Q: DAK, BDK, PFI, Wer! 
FMS are ſimilar; and CA: AQ:CQ:: Dal nc 
AK: DK:: BD: DK: BK:: PF: FI: PI: 


Cor. 1. Since the mean S Sum of the Fxcreams 3 


Radius : S. 2 Sum : Coſ. = Sum 
2 S. 2 Sum : Verſ. Sum : S. Sum | ::| 
2 Col. + Sum S. Sum : Verſ. Sup. Sum: : 


2 S. 1 Difference: Diff. Coſines : Diff. Sines 
2 Col. 2 Dif. : Sum Sines : Sum Coſines. 


Cor. 2. Let A, E be two Arches, A the greater, E Y. 
the leſſer, then * 
4 Rad.: S. A : Cof. A 22 1 
8. E : Cof. A=E—Coſ. AFE : S. AXE—S. A E:: 4 
Coſ. E: S. AE 48s. AE : Coſ. AE Coſ. Ax | ar 
This will appear by Cor. 1. puting A= half the d 
Sum of 2 Arches, and E= half their Difference. For 1 
then the Arches will be A-j-E, and A—E. 3 
Cor. 3. As + Rad.: S. 4 Sum of two Arches : : S. 
Difference: Difference of their Colines, or of their | 


'E 
| W Sines. P 
( 


Cor. 4. Rectangle of Radius and * Difference of 
the verſed Sines for Coſines) of two Arches = twice L 
the Rectangle of the Sine of half the Sum, and Sine : 
of halt the Difference of theſe Arches, 4 

Cor. 5 If three Arches AF, AN, AP are in N 
arithmetic Progreſſion, the Rectangle of the Sine 
of the mean Arch, and verſed Sine of the common 
Difference = Rectangle of Radius, and the Difference 4 
between the Sine of the mean Arch, and half the 
Sum of the Sines of the extream Arches. $ 


For CAxPG+FH=2CRxAQ=2AQxCN—NR, a 


whence 2A Q&NR=2AQxCA—CAxP GFFH. | 


Hence, 


” 
£4 
* 
| Cor „ 
4 
2 
A 


&.1. of TRIGONOMETRY. | 


CR. 6, x Radius = twice the Sine of the mean Arch x 
> FIX nd Sine of the common Difference. For the ſe- 
) A : Fond Difference =2 AQ -F H—PG. 
I:: Cor. 7. As Radius: 
. D. To twice the Coſine of any Arch :: 
am,; So the Sine of times that Arch: 
> To Sum of the Sines of —1 and »{-1 times 
..= that Arch : : 
8 And ſo the Coſine of x times that Arch: 
3 To the Sum of the Coſines of 2—1 and nx 
by times that Arch. 


For if A be the Arch, then »—1.A, 1A, n+1.A 
are in arithmetic Progreſſion, and A the common 
Difference. 
Or. 8. Let A be any Arch leſs than go), the then Sine 
of Ax 4/3 + Sine of 30 — Ar Sine of 30 JA. 
"os 3 For the Arches 30—A, 3o?, and zo A are in 
arithmetic Progreſſion, and Coſ. mean 30=1v/3x Ra. 
the dius. And And by this Prop. Rad. : Col. 30? : : 2 Sine of 
For A: 8. 30 A8. 30—A. 
Ce. 9. If A be any Arch leſs than 3o, then 8. 
3 indes 30— A= 8. go—A. 
leit For the S. 30 the mean = + Rad. and by this Prop. 
* Rad.; 4 Rad.: 2 Col. A: 8. 70+A+S. 20—A= 
of = Col. A. 
ce Cor. 10. If A be any Arch leſs than 30*, then S. 
ne bo+Axy3—5S. 30+ 30+A=S. yo—A. 
Por if = Prat x4 be A, 60+A, 120+A, and Ra- 


2 1 dius x3 =S. 60 the common Difference. Then 
on Rad. : Rad. x /g :: 8 60 TA: Coſ. A—Coſ. 120+A 


ce 4 =Cof. A+ Cof. 60—A, that is 1: /3 :: S. GOA: 
he S. 90A. 30 TA. 
f Cor. 11. If A be any Arch leſs than 45; then 


N. 4 S. Axy2+S. 45—A= S. 45 TK. For in the Arches 
J. 45-4, 45, 45 ＋A; :x Rad. Coſ. the mean, 45. 

; Cor. 12. Let A be any Arch leſs than 60; then 
r. 8. A 


. 13 
*X Cor. 6. The ſecond Difference of the Sines FH, AQ, FIG. 
2. 


4 we ELEMENTS Bookliſt. 


FIG. S. AS. 60—A=S. 60+A. For in the Arches 60jifſen _ 
24, 60, 60 -A, the Col. mean, 60˙ Rad. X 
5 Cor. 13. What is demonſtrated in this Prop. and Cor 
Cor. 2, 3, 7, of Sines and Coſines, holds of Cords o 


. . X Ny. F 

Arches, and their Supplements, puting Diameter fo 

| P R O P . IV. ; | 4 | 

In any two Arches, theſe are reſpectively proportional, 0 

1. Radius : S. 4 Sum : Cof. dum : F. 2 Dif. : Cof. 3 Dif. : : 
F. Z Sum : Verſ. Sum: S. Sum : Diff. Cof. : Sum Sines : : 
Cof. 2 Sum : S. Sum : V. Sup. Sum: Diff. Sines : Sum Coſ. :: © 
S. Z Diff. : Diff. Cof. : Diff. Sines : Verſ. Di.: S. Dif. :: 

Co. T Diff.: Sum Sines : Sum Coſ. : S. Diff. : J. Sup. Dif. © C 


Note, Diff. Sines and Cofines, is the ſame as in Pr. III. 4 


The 3 firſt perpendicular Rows are evident from 
the laſt Prop. and the firſt, fourth, and fifth Terms 
in the 2 laſt perpendicular Rows follow from Prop. II. 
and the remaining Terms are fill'd up by the Propor- 
tions in this very Prop. thus, + Rad.: S. 5 Diff. : : ® 
S. 2 Sum: Diff. Coſines, which therefore will ſtand 5 
in the ſecond Place of the fourth perpendicular Co- 
lumn, as well as in the fourth Place of the ſecond 
Column, &c. 'Þ 
Hence ſeveral Corollaries follow of their own ac- 7; 
cord ; as | 
Cor. 1. As verſ. Sup. Sum of 2 Arches : Diff. Sines 
: : Diff. Sines : verſed Sine of their Difference. 3 
Cor. 2. Sine of the Sum of 2 Arches : Sum of their * 
Sines : : Difference of their Sines : Sine of the Diffe- 
rence of the Arches. 
_— Cor. 3. If three Arches are in arithmetical Progreſ- 
| ſion, | 
As the Sine of one Extream : | of 
Sum of the Sines of the mean Arch, and com- 
M mon Difference : : 
So their Difference (S. mean — S. com. Diff.) : 
To the Sine of the other Extream. 
For let n= mean Arch, d= com. Difference, and 


then 


= * 


Er f TRIGONOMETRY. 


60% en by Cor. 2. S d: S. m-+8.4:: S. 8. 4: FIG. 


andi Cor. 4. Let A be any Arch; m, » any Numbers, then 
so As Sine of m—n. A: 
for S. mA+S.nA:: 
S8. A8. 1A: 
Sine of m+n. A. By this Prop. hence 

al. Cor. 5. As the Sine of an Arch: 
XZ Sumof the Sines of the double and ſingle Arch : : 
So their Difference (S. double Arch — S. ſingle 
:: Arch) : 
I 0 Sineof the tripple Arch. 

Cor. 6. As the Sine of an Arch: 
II, Gum of the Sines of the triple and double : : 
So their Difference (S. triple — S. double): 


m + . To Sine of the Quintriple Arch, Sc. 
II. Cor. 7. Let r= Radius, 5= Sine of the Arch 2 A, 


rr 


or- "then the Sine of 4 TA „and the Sine of 
nd 5 irrer, 


For let a=S. 45 TA. e=S. 45—A. Then by this 
Prop. as (S. Sum) r: (Sum Sines) a-e : : (Diff. Sines) 
e: the Sine of the Difference. Therefore 
Sa a -ee 
but 77=aa—ee' by Cor. 1. Prop. I. 
therefore rr 2a | 
| and rr —rS=2 ee. | 
e- Gr. 8. What has been demonſtrated in this Prop. 
and firſt 6 Corollaries concerning the Relation of Sines, 
and Coſines, holds equally true with reſpect to their 
Cords ; puting the Cord of the Supplement inſtead 
ef Coline, and the Diameter inſtead of Radius. 


z 


> 
«Xx: 

, 

wt 

. * 


d SCHO- 


FIG. 
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+4 there be two Arches A, E, and let 
ver AXE. . Verſ. AE 1 
Z= Sine AE. z=8, === 1 


3 
D= Coſ. 2A-+2t. . d Coſ. 2A 2E, Then 


8. Ax S. ETZ ZZZ. - H= 


= r. — r. 
Col. A x Col. EE, 
Tan. An Tan. E=Z<rr. _ = 
8 F 
S. AxS.ExCoſ. Ax Coſ. Ex — S 2 Ind 


Col. Ax Coſ. Ex Tan. A x Tan. E. 73, 


or. V. 


In any two Arches (A D, DE), the Sum of the Red. 
angles of the Sine of one into the Cofine of the other, is = 15 


Rectangle of the Radius, and the Sine of the Sum of % 
Arches. 


' DEMONSTRATION. | 
Draw NF || and NRA＋ CA: then becauſe the 
Angles ENC, F NR are right, therefore EN F= 3 


CNR; and therefore the Triangles ENF, CNR 
and C DG are ſimilar ; wherefore C D: P G: CN 


: NR=ZXER=FI. And CD: CG :: EN: | 


Far y TRIGONOMETRY. 
3 FC 8 EN whence E I= E F+F I= 


"RF C 

XEGxEN+DGxCN. 9. E. D. 
7 CD ; 

r. 1. In any two Arches (A D, DE), the Rect- 
| "Ubgle of their Coſines — the Rectangle of their Sines 
e the Rectangle of Radius and the Coſine of their 


gum. | h | 
For by ſimilar Triangles, CD: CG :: CN : CR= 
: My And CD: DG:: (CN: NR: :) EN: 
T -_DGxEN _ CCl 


2 


4 Gx CN—-DGxEN 

A WD 

Cor. 2. The Square of the Sine of the Sum of two 
Arches is = the Sum of the Squares of their Sines + 
ice their Rectangle multiply'd by the Coſine of the 
—. Sum and divided by Radius. 
For let the Arche A+E=S, their Sines a, e, s; 
* nde the Coſine of S. Then by this Prop. s= 


Wo, 
rr eee nd — e—22270 4,200 
A 7 LY -rr 


1 1 Vrr ar —e 
"#vVrr—aaxvrr—ee. But by Cor. 1. 29 - 


4. 
ae . 2c 
5 1 c. Therefore 5 $=a ae 2 ae. 


E 
» By 


ſe Cor. 3. Hence if A+E=90?, then aa eg rr. 

3K It A Egg o, then aa , e rr. 
be If A+E=45, then aa+ee-baey rr. 
{8 If AE zo, then aa+ee+aey 3=*rr. 


SCH OLIU MN. 


This Prop. and Cor. 1. holds univerſally for all 
Arches, puting negative Coſines for Arches greater 
than a Quadrant. 


» . x . ES 
1 . . r 5 1 
ID 955: 1 n 
2 £ 8 — 
% —- 8 


C PROP. 


angle of Radius and the Sine of the Difference of th, 
Arches. N 


(Dx DBC CB CDxCG CD 
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PROP. VI. 4 
In two Arches (AD, AE), the Reflangle of the Sin , 
of the greater and Caſine of the teffer — the Reftongle ? 
the Sine of the leſſer and Coſine of the greater is S Refi ; 


DEMONSTRATION. = 3 


8 


The Triangles C D G, CBI, and E BN are ſim C. 


bs ch CG:DG :: CI: BI==c7 0 C 


And CD:CG::EB or * : EN a | 1 


SET CIE | J 
- CD. * w 4 
Cor. In any two Arches (AD, AE), * Redet 
ate of their Sines 4 the Rectangle of their Coſine 
is = Rectangle of the Radius and the Coſine of ** 

Difference of the Arches. 


For BI D 86 L, and by fimilar Triangles cl 


CD , 
ac: DG :: BE or 1— 
DG xC1 BN 2 _DG*xCI -DGxE1 | | 


n r 


CD-x Cl ve gef —cBA Ea 15 


=CB+BN=CN. 1 


DG * EI+CG x CI x C1 
therefore * 1 


SC HO LIUM I. 


This Prop. and its Cor. holds univerſally for al ſir 


Arches, putting negative Coſines for Arches greaterF: : 
than a Quadrant, 3 


scho 


Kook I. of TRIGONOMETRY. 
I SCHOLIUM IL 
6% From the foregoing Propoſitions it follows, that if 
* *XRadius =1. And 
* S, C- Sine, and Coſine of half the Sum of two 
| f 5 Arches 
F F „ c == Sine, and Cofine of half their Difference, 
4 then | 
Sc C. = Sine of the greater, 
| 38S c—C5= Sine of. the leſſer. 
im. (c- Sr Coſine of the greater. 
) © FCc+S5= Coſine of the leſſer. 
= Alfo, 
If Z= Secant of the greater Arch, z= Secant of 
N = 3 the leſler. 


J Y= Coſecant of the greater, y= Coſecant of 
3 the leſſer. 
dec 1 hen r Secant of the Sum. 


ſine 4 | 

"the RE = Coſecant of 8 Sum. 

; Cl : ' — = Secant of the Difference. 
Td | = = a Coſecant of the Difference. 
29 PROP. VI. 


C1 F three Arches (AF, AN, AP) be in arjthmetic 
* Progreſſion, 
* The Sum of the Sines of the Extream Arcbes: 
N. To their Difference (S. greater — S, leſſer) 1: 
As Tang. mean Arch 2 
To Tang. common Difference of the Arches. 
For drawing the Lincs as in the Figure, then by 
or al ſimilar Triangles, 2 0 Bor PG+FH:2QDorPI 
eatc!F:: OB: OD:: OL:OF :: NM: NK. 
Cor. 1. In any two Arches (A F, AP;) 
As Sum of their Sines : 
To their Difference (S. greater — S. leſſer) : : 
| C 


of 
* 

p 

Q N * 

a 
* E 
* 

of 

* 


2 Tang. 


19 
FIG. 


4+ 


- 


20 


FIG. 


2 


PG: FH. 


The ELEMENTS Book. 1th, 
Tang hat their Sum : 1 
Tang. half their Difference. 

For the mean Arch = = Sum of the Extreams. 

Cor. 2. In any two Arches (AF, AP, ) 
The Sum of their Coſines: 

Their Diff. (Caf. leſſer — Caf, greater) : 
As Cotang. half their Sum : | * 
Tang. half their Difference. 

For CH CG or 2 CB: CH—CG or 2DF: 
CB: BH:: RO:OF::SN:NK. 
Cor. 3. In any two Arches (AF, AP,) 2 
S. bp F. 8 T. 4 Sum ＋ T. 2 Diff. : T. 4 Sun 
For * the 1 of this Prop. PG FH? 

PG -F H:: NM: NK. And by 2 and 

Diviſion PG: FH::QM:KM. 

Cor. 4. In any two Arches (AN,NP,) as 
The Sum of their Tangents: 
Their Difference, (Tan. greater — Tan. ger) : 
Sine of their Sum: 
Sine of their Difference. 
Let AN be the greater, and make NF =N b. 
then by Similar Triangles, QM: KM:: (PL: FL: ＋ 7 


Cor. 5. In any two Arches (AN, N P,) as 


Tan. 8 Tan. leſſer : S. Sum ＋ S. Difference: 
— S. Difference. 


For let AN be the greater, and make NF N P. 1 
then AP is the Sum, and, AF is the Difference 80 
of the Arches; and by Cor. 4. we have QM: KM 1 ta 

: PG: FH. And _ Compoſition and Diviſion, 7 


MEM ow. . N Q:: PG 4 | 


FH: POF H. 43 oy 
Cor. 6. Let A be any Arch leſs than 435, then © 
$.45+A+ , 45+A : 3 

S. 45 T A- Cf. 45+A :: b 


x 
. 
Radius, 


3 

* 

792 
Oe” 


ea. . of TRIGONOMETRY. 21 
Radius: 8 FIG. 
Tan. A. 

*Z This appears by this Prop. putting A N==45*, and 
NF=NP=A. 

| .SCHOLIUM. 


The 83 here delivered hold univerſally, 
| boring to take negative Coſines and Tangents tor 
' FArches greater than a Quadrant. 


PROP. VIII. 


_ In any two Arches, AF, ED; 5 
Radius Square — - Reftangle of their Tangents : 7 

. Radius Square : 

ind Sum of their 7. 3 


Tangent of the Sum of the Arches. 


For by ſimilar Triangles CB or C AgB A: CK 
: For CF—K F:: CF: CA. Whence CA*—BAC 

CFK F C, and K F CSC ys A*+B A C= 

ZFA'+BAC. Again CB: BK:: CF: FA, and 
P, BK: DG:: KF: FD or FA, therefore ex equo 
) C; or C AAB: DG:: CFK or FAT BAC 
: AF; therefore AC—A Bx AF*= =DGxFA*+ 
=ZDGxBAC And ABT DGAF AC 
AT -A BN DG. : 9. Z D. 


Cor. 1. Let T, f be the Tangents, X, x, the Cotan- 
PN 11 TFT Xx—rr 
beg gents of two Arches, then 2 s 


* 
NM q tangent of the Sum of the Arches. 
on, f For let r = 2 * — 3 of the Sum. 


* ben ACS = — and A B+D G x 11 xrr—AB 


| x DG, h _ ABxDG_ re — 
e r= nds Tom Or.” 


1000 by 


FIG. 


4 W. 
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Cor. 2. If one of the Arches be 45˙, 1 Tang. 


other Arch, then ro x r= Tang. Sum of the Arches, 


SCHOLIUM. 


What belongs in general to the Addition of Tan- 
nts and Cotapgents, is delivered in this Prop. and 


ies Cors. All Caſes where the Arches are greater thana | 


Quadrant wil! eaſily appear by putting negative Tan- 
gents and Cotangents for theſe Arches. 


PR © FP. N. 


Is any two Arches AD, AF, as 
Radius Square + Retiangle of their Tangents : 
Radius Square : : 
Difference (or Tangent greater — Tangent leſſer) : 
Tangent of the Difference of the Pony 


For you will find as in the laſt Prop. CB : DG:: 
CF K or FA*+BAC : FA“. 2E D. 
Cor. 1. Let T, t be the Tangents, X, x the Cotan- 


rrT . rr {Xo 2 4 ? 


gents of two Arches; then FI Ez 
tangent of the Difference 5 = Arches. 


This appears by putting — — for the Tangent of the 1 7: 


Difference. 


Cor. 2. If one of the Arches be 45%, t = Tangent | 
of the other, than _ r= Tangent of their Diffe- 


rence = Tan. 45* — Tan. of the other Arch. 


SCHOLIUM. 


For Arches greater than a Quadrant, put negative 1 


Tangents and Cotangents. 


„ 
7 
12. 
o 9 : 
C4 TS ' . 
* © « . *, "0 
8 Wo 


? gen! 


11 
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5 

45 


ICS, 


an- 
nd 


na 
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. 


ue Secant F an Arch is equal ta the Sum of the Tan- 
32 gen! of it, and the Tangent of half its Complement. 


| For let A= FEY T its Tangent, its Secant. 
5 z Complement, 7 its — Then by Schol. 


an · 5 r. II. 5 27 3 and — 27 7 an 7 13 
Zwhence Secant of A Tangent of A+ Tang. z Com- 
plement of A. 


Cor. 1. The Secant of an Arch = Cotangent of 


half the Complement —the Tangent af the Arch. 
Poor S+T=— == Cot. a= Cotang. + Comph. of A. 


Cor. 2. Half FH Sum of the Tangent and Cotan- 


1 hy of an Arch is = Secant of the Difference we 


tween that Arch and its Complement. 


For by Schol. Pr. II. + Tangent + +5 Cotangent 


= Coſecant of the double Arch, and the Comple- 


9 ment of the double Arch is the ſame as the Difference 


f between the Arch and its Complement. 


Cor. 3. As Radius +'Secant : Radius: : Tangent ; 


Tangent of half the Arch. For r Er or r 


* — . See Sch. Pr. II. 


1—7 


Cor. 3. Secant of an Arch A= Tangent of 45+3A, 


— Tangent of A. This follows from Cor. 1. 


SCHOLIUM. 


From what has been before laid down, it will not 


I be difficult to find the Sines of as many Arches as we 
'e 
3 ing, where the Prop. in the Margin ſhows whence 


will, expreſs d in ſurd Numbers. As in theſe follow- 


and how they are derived, either immediately, or by 


3 1 of what Step. 


C4 Pr. 


1 


24 be ELEMENTS 


* $1 
. 7 
= 
© == 
4 « IP * 


FIE. Pr. IV, 7. Step 8. | 1 S. 1 =4V2—y3. 7 
Pr. IV, 7. and II. 3. 2 8. 18 . 1 4 
Pr. IV, 7 ; Step 6. |S. 22 3= . | J 
Pr. III, Step 12. S. 30 Sr. i N 
* 10—2y 5. 


Pr. IV, 7. Step. 2. 8. 54 ere 


Pr. IV, 7. Step 4. | 8 S. 60 =4ir4/3. 
Pr. IV, 7. Step 6. | 9] S. 67 T= N V. 


3 

Pr. IV, 7. Step 2. A 838 = 
7 
8 


Pr. I, 1. Step 2. 10S. 72. =irvio+2y5. 
Pr. IV, 7. Step 8. 11S. 75 l 
Def. 2. 12 8. go =F. 


And _ you may find as many -Sines as you pleaſe | 


by Prop. III. Cor. 6, 
7. and Prop. V. Cor. 4 


7, 8,9. And Prop. IV. Cor. 


and by Prop. II. 3. the cache Sine of 36= ure =, 1 3 


| which. equited and divided by g, and then re- 3 
duced, you have à Cubic * S Sr =7i 


4, 5. by the help of theſe al- 
ready found; but then they will be ſtill more and more 
compounded with ſurd Quantities, except you chuſe 
to extract them. The Sine of 18 in Step the ſecond 
is not ſo eaſily derived as the Reſt, it is had thus. 


rut 5=S:18. Then by Pr. IV. 7. S. 36 , 


And the Root 1 i= 1 1 7 4 c 
. 
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e r. 


*The Calculation of natural Sines, Tangents, and 
Secants of Arches. 


— 


. AL 


We Radius and Sine AB of an Arch DB being * * FIG. 
to find the Arch, 6 


Take the Arch B infinitely ſmall, and draw B. 
Cb, and h, BA; and let CB or CD=r, AB 
y, D Bz, CA=vrr—yy, BDA, b). The 

Triangles CA B, and Bib 2 ſimilar: Therefore 
CA (vrr—9y) : CB (r) :: % (y) : BGH or = 


r. 

al- a - aK And the Fluent 1s YT 2 * 2 
re 34 rr—yy | 27 6.2. A 
— 4 3:5-798 B= 

ih 2 os 55 7 888 Sc. . 3+ 
s . ay 337 B CA. 

+ B57 okay” we — B+ 2 er 9975 DS c. putting A, 


B., C, Sc. tor the fiſt, end third Terms, &c. 

FF; Cr. 1. If d= ++ "if Ol . of an Arch, 

4 ge 

then the Arch = ＋ 222 7422 ＋ B+ - * Sc. 

1 9 Cor. 2. Let Q= a . — the 22 whoſe 
43 


Coſine 1 is y Is =Q—y——=— 275 2 477 | - 4 65 


nf 
" * 

* * 

4 Cc 
=” * 


9 1 — r—y 1795 
Or the Arch whoſe Coſine is y is = k 3 


195 


Wl —y 
WRT AL 5X 46a Ge 


9 
by 
© . 
. 
* 
2 
q 
1 3 * 
48 
2 * 
»} 
+ 
"x 
» 


Por. 


FIG. 
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PROP. XII. 
The Arch BD being given; to find the Sine B A. 


Let CDs, 4 DB. Then by Prop. XI. 1 


a 
4 ＋ == r By the Method 


of len of Series, ſuppoſe y=ba+c 2 dl. 
e, Sc. Then 


1 * ba + ca da + ea, Ce. 
+ 3 9 cb* gi EH, TER 


6rr rr 2rr 
257 — += 1 ee = = Cc. 
+ > JM + 5» , c. 
112 
Fc. 


1 2.37 

— 2 = 

Alfo dþ — * So. Whence ONT == 

1 — F, 
—_ 1 2 


Whence y or AB = a— " — 
2.377 op: 2 On 
55 
Or Sine AB=a— 1 LL 
„661 [- 
T = - D, &c. ** A, B, C, Sc. are the borgen 


Terms with their Signs. 
Cor. 1. If @ be any Arch, its ; Coſine CA= 


aa aa 


a7 


* > 
5 © 
3 2 
7 E 
* E of 
LARS 
4 ** 
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b | For c . — 4 N — N 
1 | | pp 30% 457 157 
1 aa 
— Oc. = — — 
th i by 3 1.2 1 1.2.3. 47 1.234.670 * 
| — — s. 


od 1257 
＋ | Cor. 2. If d be the Diameter, a , Arch; chen 
* n * 1 
be Cord = SE | ly” 0 30” ns - 
4 * 237 45 7 TY; 
= c. 


PROP. XIII. 


* The Sine and Cofine of an Arch A being given, and if 
there be given another Arch 2; to find the Sine and Co- 
Vine of the Sum of the Arches Az, and alſo of the * 


Ference A—z. 


Let , be the Sine and Coſine of A. And by 
Prop. XII. and Cor. 1. the Sine of the _— 2 is - 
2, 2 

7 rr , &c. SB. And its Coſine ED 
Sc. = Then by Prop. V. and Cor. 1. and Prop. 


hk and Cor. D bs KT ATZ. And — 


co 7 = n * 1 
3 3 = Cof. A—z, that "% 


36 $2* 25 5 2f | 
— Het kar 2.377 _ 


2: 0: af 


— 
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— c2 52 8 c2* 
| S. A — = += ah -— —— =: 
| 7 r 2.3.47 23-457 if 


Y 


enn es: - 93; e. 525 i 8 
r 2r 275 4 2.3•45% 
— Cc. 


"Cor: 1. If there be given 5, c, the * and Coline 
of an Arch A; and 5+x be the Sine of another Arch 


Az; then the Difference of the Sines 8 — = 


ee F 
Taser 3 Sc. And the Difference of the 


. 5 * 
Arches 2=Z x: Las Aga te , 


For by this Prop. the Sineof K A+z, or 5+x=5+ — 


r 
of Series 2 is found as 1 
Cor. 2. The ſecond Difference of the Sines of as} 


A, Az, is =25x: 3 + 


| I. 27 1.2.3. . 
5 — 5 1 (for in any three Things, the 
"ſecond Difference is equal to the Difference between 


twice the mean, and the Sum of the Extreems.) 


52 cx 12 3 
— e. and a= * —— &c. and by Reverſion JI. 
277 = 


8) 
IL 
f Ws - 


| PROP. XIV. 1 
6 The verſed Sine of an Arch DB being given ; to 1 * 


- 


the Arch. 


Let CD. DA=v. Ad. D Bra. Then 
AB=v2rv—vv. The Triangles CAB and B 39 | 
are ſimilar, therefore V2 r v—vv : : ö: B b or 3=| j | 


nc 
* 


, 


1 
And the Fluent is z=v2rvx: 1 —＋ 
v2rv—vv 
1 
1 


A 
5 
+ 


deck. IT. — aan 


246.77 


cn | 
cc 3.4 * 8 17 ** 27 T 8 107 D, &c 


7 70 "or WR A+ 2 B+ 87 Sc. 
le Poing d = Diameter. Where A, B, C are the fore- 
ch going Terms. 
2 Cor. 1. In any Arch a, the verſed Sine is I 
* | 
{8 _—_” hy 
he A A C— Cc. WES B, C 
are the foregoing Terms with their Signs 
. For Radius — Coſine is 1 * to the r * 
2 and by Cor. 1. Pr. 
7 1.2 7 


652.347 
Cor. 2. The coverſed Sine of the Arch a, is =r— 


2 as a 
0 — —— » &c. for it is 
i 2:37 8.9435 + 2.3.4-5.6.7 7 
Radius — Sine. 

Or. 3. Verſed Sine of the Supplement is = 27 
* . . CY D, Sc. for 

Ss 127 T&F: 5.6rr 7.87 
en it is = Radius + Coſine. 


F PROP. XV. 
| 4 The Tangent DT of an Arch DB being given; to 


nl ud the Arch. 


F For draw Cr infinitely near CT, and TLC, 
cn and let C D, T i=i, DB=zz el 

b Iwvrr+t. 

The Triangles CDT and Tz x are Ek as 1 


— 
- FC Bb, and C Ta, whence CT: : 2: 2 T r 


9 3 * 
1 
2 


0 
3 
* Y is, 


29 


- + 3:5 Sc. that is Arch DB FIG. 


— — — 
—_— _— — — — * 1 


OO . ——— —— 


— — — * * = 8 — 
oO if = . IE — — —— 25S 2 — — — — ED. * — 282 
l —— — — — —ů— = = — 
: — —-—L— — — — - 
* — — — 
- : * > — rn — — — — — 
— 2 2 
4 P - 


dius Square by the Value of the Tangent in Cor. 1. 


30 w. ELEMENTS BEIN 
* are : N that is 2: q 

EL . 

"Oey. be 

And the Fluent is e, 55 +, & mM * | 


that i 18, Arch D Bird gm Dat Se. 
Cor. 1. In any Arch a the Tangent is = a+ =—+ 


225 FREYLL 4.60 62a? , 13824" 218449" FF 
157 ＋ 31475 28357 1559257 56810757 


9295694” 
Ta 8 5128757 Ce. F 

This will appear by Reverſion of the Series at- 
+ Sc. Or rather by multiplying the Sint * 
by the Radius, and dividing by the Coſine, thu is 


3 45 


120˙ 
—— AMIE Tangent. 
EY a, + a* 5 | | 
27 247 F 
Cor. 2. The Cotangent of an Arch a is 3 
| h a 3 9 
1 2 45 a | 2 4a? 13824" 


757 de 47257 95555 63 3851287570 » 


_—. j 
182432257" Sc. as will appear by dividing RY 4 


Or the C Coſine by the Sine, and then "multiplying 5 f 
Radius. 1 
Cor. 3. Hence alſo if + be the Cotangent of an” N 
i ee + 

Arch, then the Arch = = t 
as - i X Y 
Sc. For t= 4A 


Peck. H. TRIGONOMETRY. 


7 PROP. XVI. 
P The Secant CT of an Arch DB Being given; to find 6. 
the Arch. 

4 L Let ODD, CT=/, t. DT Mr, DB 
* Dl, then by ſimilar Triangles DT: 7: 7 T = 


"i 2 . 12: T or N e or 2 = 


1 FUSES 
A an EE EO. 
* 7 2.37 2.44.57 


1 L 3.5 
Fs Sc. but in D. z=0o, and / r, therefore 
"he Fluent corrected is, Arch — or x rx: Ye. + 


2/44 3544 79 
247577 24677 + 6 
thus, in the Point F, z= a Quadrant O, and 


a 35 
Or 


= infinity. Therefore the whole * =0. There- 
fore by Correction 1 37 — whence 
[ Arch z or D MINE" * A 3 AMT 


2. 37 24.57 2.4.6.7 ſ7 


Se. 
Cor. 1. If c be the Coſecant of an or then the 


A 1 75 377 3.5.17 

Re I rch is . 12 * = „Ir ps "ory 4" gig + Sc. for 
N this: is the Complement of the Arch whoſe Secant is 

. 1.8 » by this Prop. 

by 5a* 
Cor. 2. In any Arch a, the Secant r 


an. 4 I 4 247 

, 614 +227 5052 1 4 + £40553 a" ＋ e. 
220 806477 36288007? 95800320 

For — Square (7 7), divided by the Coſine (y— 


A Er 2575 Sc.) is = Secant. 


Cor. 


) p 1 


oo 
4; 
WW 
F * * 
* 
_ 
4 
} 
* 
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FIG. Cor. 3. The Coſecant of an Arch à is = +54 g 


360 7 151207 604800 342zT44 / © 
— — + &c. for Radius Square divided 
053837184000 7 | 5: 3 

by the Sine = Coſecant. 


SCHOLIUM. 


If an Arch be given in Degrees, its length may be 
found thus : When the Radius of a Circle is 1, half 
the Circumference is 3.14159265358979, therefore 
2 Se. =, 01745329251994 = length of 1 
Degree. Therefore if r be the Radius of any Circle, ® 
then 7 x, 01745 &c. = length of the Arch of 1 De- 
gree in that Circle. Conſequently x, 01745329 Cc. 
x Number of Degrees and decimal Parts, gives the 

length of the Arch. And this muſt be taken for, 4 
or ⁊ in the foregoing Propoſitions. 


II. of TRIGONOMETRY. 


7 n G T. 1 
The Calculation of logarithmic Sines, Tangents, 


and Secants. 


— 


Tho' the finding the logarithmic Sines, Tangents, 
Sc. is no more than finding the Logarithms of the 
I Atural ones by a Table of Logarithms: Yet theſe 
el a Sines, Tangents, &c. may be found 

ithout the Table of Logarithms, or elſe without the 


1 fatural Sines or Tangents, and ſometimes without 
Ather, by having only the Arch given. | 

= The logarithmic or artificial Sines, Tangents and 
> "Secants are calculated to the Radius 1 with 10 Cy- 
'l 2 annext, viz. 10000000000 3 ſo that the Log. 
de Radius will therefore be 10. But in calculating theſe 
Sines, Tangents, or Secants, we can more eaſily com- 
te them for the Radius 1, and then adding 10 
ves the Log. Sine, Tangent, or Secant, to the 
adius of the Tables. Therefore 

In a Circle whoſe Radius is 1, the Log. of that 


Kadius is o, and the Length of an Arch of 1 Degree 
12 or 745329252, and this Num- 
her multiply'd into any Number of Degrees gives the 
Length of the Arch of theſe Degrees, for the Radius 
and this Length muſt be uſed in the following 
-Fropoſitions, when the Degrees are given. 
Now if you put M, 43429448 19, and having 
y Quantity given (expreſſing a Sine, Tangent, Fc.) 
Pu have no more to do but to divide the Fluxion of 
"Mat Quantity by the Quantity itſelf, and find the 
Nuent by infinite Series, which multiply'd by M is 
de Logarithm of the Quantity required. 


T. D PROP. 


33 
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FIG. 7 


PRO P. XVI. M 
7 o find the logarithmic or artificial Sine of the Arch x. © 


Let y= nat. Sine of x, then by Prop. XII. y=x— 2 


3 „Sc. where r=1, And 72 —— I 
- 120 5040 2 0 
f a 
12 Sc. then by Diviſion 22 .. + 
24 20 3 45 x 
2% — ==, &c. and Fluent of M, or the Log. 
945 4725 7 = $7 
13 5 785255 25865 On hk 


which add 10, and you have the logarithmic Sine 1 
the Tables; and that without knowing the naturi 
Sine. A WM » 
Otherwiſe. 1 

Let * where y= nat. Sine; then will 52 4 al 


1—2 | ” . . . N 8 
— d 2 * — — 2 2 
Xs an * = 2X : 3$+2*2+2*2+2"2 ; 


Sc. whence Fl. Ti or Log. — Mxz+32 +32. [ 
+327 Sc. And the log. Sine of the Tables =10- # 


2M x : z＋ iz Sc. which is had withou 
the Table of Logarithms. 


Or thus. 4 
Let y= nat. Sine, z= Coſine. Then y. 1—2: of an 


and 2 Y = —2Z—2*2—25Z, Sc. whence I 
* I—22 1 + 


= Mx: +++, Sc. and log. Sine 6 8 


the Tables =10—3Mx: 242143 T2, &c. . 

And thus if you have any other Line or Quantij 

in the Circle, given, by which you can * te oy 
ine 1 


4 


sec. . F TRIGONOMETRY. 35 
Sine, you may, from that, find the log. Sine. And F IG, 
the like may be done for the Tangent, or Secant. 


er. Hence if 5= log. Sine of + A, half an Arch 
— given; ; then the Log. verſed Sine of Arg. 3010300 ＋— 
„% 25. 10, for the Tables For Rad. x verſed Sine = 
N 2 Sine Square of the half Arch, by Cor. 2. Prop. II. 
. xand .3010300= Log. 2 

Or thus. Loy, verl. of Arch X=10. 3010300+2 log. 


r= Mx: © x" Figs» en 
2) 2 2Mx 4.6 6 ＋ 7706 TD 44.2835 © 4.37800 
for 5 (or the log. Sine of T) =10+ log. 1x, —M X 
. * + * 66 
Y 4.6 16,180 
thr Ws ap If 2 8 then log. verſ. oM x 


z+— * Fo 775 „Sc. For 1—z= verſed Sine, 


6 = 1 1 
= and its Ae a =—Z—2ZZ—2'S, Sc. whole 


Fluent is -M: 2+£2*+123, Sc. to which add 10. 


I PROP. XVII. 
pe Arch being given to find the log. Cofme. 


hou By Cor: 1. Pr. XII. the Coſine y=1 *+ ©. TR 
2 24 720 

Sc. therefore 1 e ** LIL xx, c. 

4 15 1 8 

and the Fl. . Log. y=— Mx: 5 meat +> 

> FI 1 I 


73 + - 5* Se. And the tab. Coſ. of the Arch x is = 


= 25 

1 3 * 25 wh Y ++ &c. And that 

mti = lg either — nat. . or 7 Table of Loga- 
"F rithms 

Sine Or the log. Coſine may be found in the ſame Man- 
ner as the Sine, in the two laſt Methods in Pr. XVII. 
7 D 2 PRO P. 


* 
— Oe DOE =ngt® n A -4 


FIG. 


— — — — — — —ů — 
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P R O P. XIX. 
10 an Arch æ, and the Sine. and Cofine of an A 
; to find the log. Sine and Cofine of the Sum Az, © 


U alſo of the Difference „ » 
Let the nat. Sine and Coſine of A bes, c. y= 2 
SA Then by Prop. XIII. y= 1 —= | 


+ ec. a nd 5 3 I+2CC 22S, 2 
1 3 $* 


5 = 55 cx | 
and Ky Fl. M2 or Log. y=Mx: —+=-\ 


Iz cc 


WE * when Z=0, J=5, therefore by $ 


1285 
Correction, 2 
Log. y— Log. M . = &c. whence the 1 
5 2858 1 
85 . Y 

2, 

Log. S. AZ Log. + M x ; 2 ch =. — 

| 255 35 1 

1+2cCc 


2+, Sc. and after the the s manner 


12 5* 


> 
, 
5 


*. 
Lag. 8.—2 = Log.s Mx: 4275 |. | 


Lz, Se. 
1287 
3 _— Py * 15, E412 720 
+255, Gr. 
ACC 4 
— RIP x 9 2 
Log. Col. AA 12 n — = 
42 24 D.. 
12c7 


— 
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Bee: + Wh 2 FIG. 
1 P oOo. XX. | | 

ov 8 The Arch x being given to find its Log. Tangent. 
By Cor. 1. Pr. XV. the Tangent Px x42. _ 

= j Z, Se. thence? P=SIZxx4 14 DTT EM K, 

2 9275 ; 895 145 945 

6 Fe. whence Log. Tan. i= Log. x4-Mx : * Lx. 

. | 3 90 


287 18005 x*, Fc. to which add 10. 
9 O. herwiſe. 

by 3 To find the Log. Tan. of the Arch A+, the Tan. of 
he Arch A being given. 


«i A Let Tan. A=a, Tan. x=, y= uy Ax. Then 


* Prop. VIII. y— —— M 


Sh 1—at J 
1442 - f Let Her c 22 8 2 then? 
. ann 4 * 


| x: f—ctt+1+cc. ttt—2ct co t, Oc. and Fl. 
* ; Mi! or Log YUM 6 L. 


0 4 but when x and =o, y=a, ton by 0 
Log. y— Log. a=b Mx : i-. Sc. that is 


* Log. Tan. AT = Log. Tan. A Mx: t—3ctt+ 


* Fas ——= , Sc. and the ſame for the Log. 


4 Tan. A—x, changing the Sines of the odd 1 of 2. 


-| But if A=45*, then a=1, and st 
5 1— 


5 1 
| 4 > * 


Ea πα Sc. And conſequentiy Lo: y or Fl. 
F—==2Mx: AHA, c. that is 


- vi 
hoy 4 
. 
OP. Wed | 
» 4 
* i 


1 

| 

f 
: 
1 
| 

$ 
N 

b 
I 
1 
7 


** o Ji . 1 „ ä 4 " 
; EY 2 — —— * — * — — 
n...... 


— 1 
2 S — . ad 
EE ES ex ah Len wee EEE Go 


a — — * 

— — 4 . —_— 
yy . Y * w f =O) 

r W BESS cl OE 
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FIG, Log. Tan. 45 L AMC: +5 +=+5, Sc. 
But if inſtead of ? you put its üs ve ien 


+ 


24 
i—ft | 


=2X : X+2 * eee Latente whence Log. „ a 


Sc. and the Fluxion for the Fluxion, then 1 


Or Log. Tan. 45 45 —K —=2Mx: 75 * * 4 244 " : 
1 N 
Sec. and likewiſe | | 315 5 U 


Log. Tan. 45—*=—2MXx 5 747 =—2M 4 4 


re, Sc. to each of which add 10 for te c: 
tabular Log. Tang. 1 


2 . 
Cor. The Log. Cot. of x=10—Log. Mx: -“ i 
3 We” 
Re 62 - 127 
90 7 "To irs 9 
And Log. Cit. ATr= i is the ſame as the L Tan. tt 
of Aa, found before. ve 


PROP. XXI. i 
To find the logarithmic Secant of a given Arch, | 
Let x be the Arch, 7 its Secant; 1 then by Cor. 2 1 


18 


Prop. XVI. y=1-þ+3 * £ 77265 Sc. whence 7 

ersatz Ol *, = then Log. y ot > : 

Fluent MY=M — — 12 0 1 a vg 
oy + Gt 1 

| Sc. hence M4 tab. lag. Stcant=20+Mwx £424 el 
| 258 & 9 

| 


* 

| 2520 & 

, - - + "i, 

[ : 1 * 

| 1 8 
= 


\ „ 
* 
"8 
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Or thus. | ; FIG. 
To find the Log. Secant of 45 T. let Log. Secant 
45=5, by I * ai Col. 45 T2 log. Col. 


= +=, & = (becauſe- Sc, r=1.) 


” log. Col. fond © oo z2+22, Sc. but by Cor. 2. Pr. I. 

, | YH Secant Coſine =1. Or log. Secant =— log. Co- 
: L ſine. Therefore, log. Sec. 45+2z= log. Sec. 45-+M 

7 X:52+2 +, Sc. that is 
. Sec. 45+2=5+Mx :24+2 +32) +52), &c. 

= Cr. The 1 „ of an Arch x is O- Log. x 
1X * : 
Mx: 5 © ++ 3 „Sc. For log. Coſe 
e cant = — log. Sine, when Radius is 1. 

= Or voy. Coſecant of 45 T, or log. Secant of 45—z= 

MX: z Az., Sc. by this Prop. chang- 
ing the Signs of the odd Powers of 2, 


S C H OQOLIUM I 
* Having the log. Sine, Tangent or Secant giver, 
„ the Arch belonging thereto may be found by the Re- 
verſion of Series. As ſuppoſe there is given T the 
log. Tan. 45 T, then T=10+2Mx : xä EE ＋＋ N 


E by Pr. XX, and LZ. T Bai, Ge. E=! 


1 — 
8 * CIS. 2 42 7 1 * Tt j- E 
D e eee — * 


2. ſuppoſe, then by Reverſion x- Þ4IE1 Se. and 
8 I5 
1 
ce * 
9 — Degrees in x. 
5 *y 501 74532 


0 ain, let there be given K, the log. Secant of 
1 45+2, then by Prop. XXI. K=5+Mx: z+2*+*23, 


Sc. then 2z+2*+43 23, E9c. —＋ l. Then by Re- 


48 1 verſion z II, Sc. which divided by, 174332 
will give the Degrees in z. 


24 S CHO. 


= * KA AY »-f „ CTU Es. nn” AA a eres. Aa " * 


EE.” = 
2 2 
I P o p 
r 


Fa * V 
G Who BEA 


FIG. 
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SCHOLIUM I. 
In any Arch let log. Radius =r=10. 
Sg log. Sine. = log. Tangent. /= log. Secant. 


= — 
e „ 3 
* 3 E Sh > 20 * 
e * yn k 


F 
if A 
7 : 3 
9 38 
.—- 
a 
, 
+ 
We 
E 
WW 
"3 
1 
* 
17 
E ? * 
1 
V4 
ix 
ot 
IA 
i 
1 
_ 
* WY 
: 
23g 
11 
s 


c log. Coſine. r= log. Cotangent. r log. Coſecant 'T, 
Then KG 0 
S=+t—r=t+r—ſ=c+r—r=2r—s. 1 
=5+r—t=2r—ſ=s5+r—r=r+r—s. = - 
Ar —C=27==r. 45 
T=+r—S=2r—t. "8 
77 ² ” 
o=r+l—(=3r—=—t=/+r—t=2r—:s. "i 2 
By what has been delivered in the two laſt Secti- 
ons, the Sines, Tangents and Secants, of al! 
Arches, whether natural or artificial, may eaſily be 3 


found; and from thence the Table of Sines and Tan- 
gents may be conſtructed, with great Eaſe and Ex- 
pedition. Or any particular Numbers in the Tables 
may be computed anew, and any Errors corrected 
therein. But the nat. Sines and Tangents being firſt 
found, the artificial ones are moſt eafily had by a 
Table of Logarithms; for this Reaſon I have not 
continu'd the ſeveral Series in this laſt Section to any ß 
great Number of Places; intending rather to give 
the Reader the Principles of Calculation than the 7 
Calculation itſelf; ſince in all Probability there wil! 
be few Perſons who will take the Pains to calculate 
them anew. But if any has a Mind to do it, he may 
himſelf continue any of theſe Series as far as he 
pleaſes. | 


MEE. 


Nea. V. f TRIGONOMETRY. 


r 


i i Me Calculation of the Sines, Cofines, Cords, &c. 
1 of multiple Arches. 


PRO P. XX 


If a Trapezoid BCDE, whoſe Sides BE, CD are 
parallel, be inſcribed in a Circle; and the Cords BD, 
CE be draum; 1 ſay, BD*—D E#=BEXCD. | 


Make Angle EB O=CBD, then EBD=CBO; 
and ſince BEO=CBD, therefore the Triangles 
| XZ BCD and BO E are ſimilar, and BD: CD:: BE: 
OE, and BDXOE=BExXCD. Alſo ſince Angle 
8 BC O=B D E, the Triangles BCO, and BDE are 

= ſimilar, whence BD: DE:: BC: C O, and B Dye 


B Ex C DDE“, that is BDXCE or BD*=B Ex 
; X CD+DE2z, or B Ex C DB E = BDT DE 
1 | 

Cor. 1. If A be any Arch, and BC or DE=z 
times A, and B Dm times A. Then 
4 As Cord of Mu. A: 


Cord. A Cord. A:: 
Cord . m A- Cord. 1 A: 


Cord . u. A. 
For CD is the Cord of „ times A, and BE of 
TNC A. 
A Cor. 2. As Cord of A: 
4 Cord. 2I. A Cord. n A : : 
4 Cord . »+1.A— Cord. A: 
Cord. 23 CI. A. 
This appears by putting m=#+1, or CD _ 


| * | CO=DExBC=DE:. Therefore BDXOt+O0C 


41 


42 
FIG. Cor. 3. As Cord of m—1.A : 


19. 


22. 


BH FH BF = F BG, and draw the Cords E F, 


and equal. Whence HE=GB, and HB=E B+ 
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Cord. n A+ Cord. A:: 
Cord . 5 Cord. A: 


Cord FI. 


This appears hy putting z=1, or CBor DE=A, F 
Cor. 4. If three Arches CD, BCD, BCD E are 
in arithmetic Progreſſion, B D*—B C*=C DXBE. 


PROP. XXIII. 


In the Circle AE B, whoſe Diameter is AB, if the 
Arches AD, EF, FG be taken equal to one another, 
and the Cords BD, BE, BF, BG drawn. IT ſay, 


As Radius C B: Cord BD : : ſo the middle Cord BE © 


: BE+BG, the Sum of the extream Cords, 
For produce BE to H, and make FH: F B, then 


FG. Then the Angle BEF=BF GF BG, both 
ſtanding on the ſame Arch FGB. Alſo BE F 
EF HE H F=EFH+FBG, therefore EFH = 
BFG. And the Triangles E F H, FB G are fimilar 


BG. Alſo the Triangles D CB and HF B are ſimi- 
lar, therefore BC: BD :: BF: BH or E BB G. 


Cor. If Arch AD=A, Arch B F=nxA. Then 
As Rad : 
Cord . ſup. A : 
Cord. nA: 


Cord. 1. A+ Cord. TI. A. 
And the ſame holds in reſpect of the Cords of the 


Supplements of theſe Arches, if A F be ſuppoſed to 4 


be made equal to z A. 


SCHOLIUM. 


If the Cord B G lye on the other Side of B, then 
BG is negative. 
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| PROP. XXIV. FIG, 
The Sine and Cofine of an Arch, being given; to find 
the Sine of n times that Arch. 
Let = Coline, y= Sine, given. And A the 
given Arch, and at preſent let Radius =1. Then 
by Cor. 7. Prop. III. 2#xS.uA=S, 1—1. I. ARS. a+1.A, 
hence S.n+1.A=2xxXS.zA—S.z—i.A. Or be- 
X cauſe xx+yy=1.S. TT. A=2xXS.nA—xx+) y X 
he S8. — 1. A. That is if any Sine be multipiy'd by 2x, 
r, and the next preceding one multiply'd by x x+y7, 
and ſubtracted from it, gives the next following 


F Sine. Thus you will have 
4 S.2A=2xy. 
n S. 3A = πꝗ⁰ͥ -. 
, S.4A=quxly—435)" 
h 2 S. 5 ANY -O +y, Sc 
4 4 In what follows, if à denotes any variable Quanti- 
ftp, then I denote its firſt and ſecond ſucceeding Values 
i by ©, a, Sc. and its firſt and ſecond preceding Values 
by 42 a Sc. and fo of others. And with theſe I 
A ml, —2 


proceed according to the Method of Increments in 

= calculating the following Propoſitions. 

1 — then any Arch, as 2 A, is repreſented in 
general thus, 8. „AA 3 * CRY 5 

Sc. then according to the Conſtruction of 8 ines, be- 


1 fore mentioned, we ſhall have 
"8 MN"y—2a% 2 42 bx"w—ty— Sc. S. Ax ax, 


=x+yXxS.u—1. A. 


—x"y+ ax"—2y — S -- c. 
— 7 * - 


N N - * e 
— N * . 
r 
— U 
an 


=I. ar. - Sc. =S.n+1 . A. 


4 Hence equating the Coefficients of the homologous 
Powers, 1 and 1 =n -. That is #=1. 


likewiſe 


6 — — —2˖1jꝗ4ç.ẽ.. 
rr o . * 


— ONT 
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—B Ld i gd 
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—— nom, Om onong 
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_ —— ꝙ— tet th _ 
Bs ee Wn . . . Mt, vent 


22 — 
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FIG. likewiſe ag , or a=24—a+1, whence a— 


* — —1 


' ; g R 2 1 Pp 2 * 
2a+a=n, that is an. And the Integral is a= 
1 N 220 ** 5 * : ETC 


2n | n un 


=, and the Integral of this is a==2==— (for when f 


u un 


ng, = ). Again. =2b—b--a, or b= 
| 2. 3 1 — 2 


— — n 
* AN # 
Wc 4 5 


2 b—b+8a, whence b—2 t Ora, or b=g==, 
1 2 I | Dn : 3 


n nun n n n uu | 
whence þ==3i==_, and b=ZZZ==., In like 
. 2.3.4 2.3.4.5 


Nu Nn un u unn 


manner c, and ca = ==, Sc. whence \ 


| | >. 3-45-07 
Sn A = ntl ee * 
1.2. 
2 ̃⅛— JK... FO, p err 
1 171 Prein, 
Rad. S A TY 1.2 4 3 —4 25 
| SA. 2. 2XX 4. 


c, &. where A, B, C, Ge are the | 


Nie "8 
preceding Terms with their Signs. 
Cor. If you ſuppoſe r to be the Diameter, the 
Cord of an Arch, x the Cord of the Supplement; 
then the foregoing Series will be the Cord of the mul- 


tiple Arch. 


PRO P. XXV. | 
The Sine s of an Arch A, being given; to find the Sine 
of n A, or n times that Arch. | * 
Let 8A. Then by Prop. XI. the Arch be- 
| longing 


7 r 


— 


* * 
0 4 2 \ 3 
* Wr 3 R 
r 


4 
1 
* — — 3 


Fd 
2 
7 
* 
92 
1 
3 
1 
1 
Ph 4 
+ * 
X 
* 
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longing to the Sine 5, is ++ Af a5 59 62, FIG. 


" ”— 1127” 
and the Arch belonging to the Sine Z is 2+ + 


32.4 
5 +22, Sc. and this is 2 times the former, 


25 4 
therefore e HS 7 Sc. ee — 


12 
35 
40 1127 G. 
Now ſuppoſe z=45+ bi c 6+ E. 1 
a 3 a , aab I 
then wall 8 = Tony e. 
. Woes 
52 a” 7 | 
1127” 11275 hs 
Se. J 
u 1.395 7 
03+ ps e 5 Sc. then by equating 
the homologous Powers of 5s, we have a5=2s, and 
NR _ 


agu. Alſo er bey and thence b=— 


4A e407 + 35 —-3*, whence c 


42.18 2rr 40. 40 
r In like manner 4= 
120 7* 2.3.4-57* _ 
2222 ＋. 3 — __#.1—1m 9—1m.25—MW (. 
3040 2.3.4. 8-522 
whence S. n A= —.—1 „ 2 
188 2.3. 4.37 


1. NIL Wan | 
2 — — 2 „, Sc. that is 


2.3:4+5-0.77% 


S.nA 


* 
4 — —ä——éj— — — . 


8 — — — 


Mr rr eee 


— — 


— — 


22 Nr ane TY Rn ROE 


_ — — — 


nen TE TIS 


| 
0 
| 
| 
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11—1 1 — 5 

1K LB HM 

Wx. ln D, Sc. where A, B, C, are the preceding 
Therefore if » be an odd a 


3 


Terms with their Sines. 
Number the Series will be finite. 


Cor. 1. Since the Coſine of A= 55 | 


=—_— = Ec. . dividing the Series aboy: . 


by this Series, and then multiplying by Vrr—s5, oP L 
you will have | 
3 1 —2 2 Wing 5 | 
8 7 2.37* * A — 451% * B— Game : 
yy — C. 
= . A D, Sc. XVrr—ss. And therefore if » be 
97% 3 


an even Number the Series will be finite. ; 
Cor. 2. If 5 be the Cord of an Arch, the Cord of 
the Supplement d= r then 3 


ob e | 


Cord of n A =ns —ZZx1 55 A — wi B — | 
3 4 4 . 725 4.5. d en | 
— 4 —7 3 
870. $5 C— 945 SSD, Sc. or A « 
Cord of u. Arch = "5% I =. . —— F 
f : 4 2-3 7% 5 A FI -5 5 B— 3 | 
1 —62 * = 
$3 Com Se . 2 
6.74% Z 
SCHOLIUM. : 


If z the Sine of an Arch was given, and the Sine 
s, of the n Part of the Arch, was required; you 
will have _—_ Reverſion e or exp ; 


B+ 37 


T 2 
5 2 &c. 


1 
1 
PRO P. 


be 


gect. V. 


of FRIGONOMETRY, 


PRO P. XXVI. 


The Sine 1 Cofine of an Arch + given; 10 find 
the Cofine of u times that Arch. 


Let Ar Arch, y= Sine, x= Coſine. Radius =r. 
Then by Cor. 7. Pr. III. 2 x Coſ. A= Coſ. u—1.A 
+ Col. #+1.A, therefore ſince x x-|-yy=1, Col. 
ATI. Arg x x Col. 1 As x49) x Cof. z—1. A: 
Therefore if you multiply any Coſine by 2x, and 
from it ſubtract the foregoing one multiply*d into 
* x+yy, the remainder is the next ſucceeding Coſine. 
Hence | 

Coſ. oA 

Coſ. 1A=x 

Coſ. 2A=xx—yy 

Coſ. 2A=xi— 

Coſ. „ 

Col. Ai ++ gary 

Col. 6A=x*—1 5x%* + 1 5x2yt—5? 

Coſ. 7A=#"—21%* +3 5x%y%—7x9. 

Se. therefore in general, let the 

Coſ. I. A=xw—I—aw—y+bxw=5y—cx-79p Ec. 
Coſ. 1A =x" _ A * Ec. 


Now if the latter be multiply” d by 2 45 and the 
former by xx+yy, and this Product ſubtracted from 
the firſt, you will have 


n 1y2 + ee &c. | 


++ ai e cms 
L f e brmof 


= TCA "IO Yer} Se. =; Col 


n+1.A. Then comparing the Coefficients we have 
8 I, that is, by the Method of Increments 


. or a = n, therefore a= 


u, the 


FIG. 
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21 
x, the * and 3 for when 2, à or 
1 
un 1 1 
—=_—1. Likewiſe 2 Aa, and <— 1 
2 © 4-2 . 
n n 1 u n un un . 
and ===, and ==. , (for when »=;, 
. 2.3 2. 3.4 1 
n n un 3 3 
=1.) and þ===—=. Again LE EY c= 1 
x 2.3.4 -3.4 - 
SS "IP Y 1 2 Z 
=_ = and c==2== and therefore c==5 i 
2.3. 4/5 FF. I SS : 
8 
Likewiſe 8 Sc. then ſince 11, therefore 


2, u, u, Sc. are equal to u, #—1, #—2, Sc. whence 


putting r for __ 


— — — — —— — — — — — — 


1. 1— 1. —2.2—3 16 —— r wb" 


—— 


"> 2.3-4.5-.0 
or 
5 „A I 422.23 322 
ee 3.4 Xx 


= 45 C22. _n—6. 37027 2, Sc. where A, 
. 6 *x' 7.8 


B, 6, Ec. are the foregoing Tem with their Signs. 


Cor. If you ſuppoſe r the Diameter, y the Cord of 
an Arch, x the Cord of the Supplement, then the 


foregoing Series will be the Cord of the Supplement 
of the multiple Arch. 


PROP. 


beck IV. of FRIGONOMETRY. 


PRO P. XXVII. 


The Sine s of an Arch a being given; to find the Ca- 
fine of na, or n times that Arch. 


| f Let z Coſ. na, Rad. =1, then by Cor. 1. Pr. 12. 
1 * n*a* wat | 14 na 


Prop. 11. 4 1 8 ＋ A5 — 5” &e. 


40 112 
whence 44 TY 85 + 45 Se. 
3 45 35 
and af = NAA Se. 
a = „ + H 
45 = N 
Se. 


1 then all theſe Values of the Powers of 4 being ſubſti- 
tuted in the Value of 2, gives 


Ag . aus 2 Gr. 


2 —1 


„ 
+—+— += 
24 36 60 
— 5 
ek 
4 Fc 
40320 
whence 
2 "CLAS „ M 
221. 44 — BR, —— — 6 Se. 
8 2.3.4 2 e 
that is if r= Radius. 


of 


gage 1.29” 3.41 5.67 
e Sc. where A, B, C, Cc. are the forego- 


ing Terms with their Signs. Therefore if u be an even 
Number, the Series will be finite. 


Cor. 


Col. = HT 7 4b — SS Bol ns $5C— 


xy 
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FIG. 
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| 1m Fea i | 
CHI Rn dr 167 1287 
= Coſ. A. therefore dividing the foregoing Series, i 


this; and then multiply by /rr—ss, and "you will 


have Cofſ. n a=4/rr—SSX: 1 —.— A. gr AS, ee 
c., D &c. and therefore 1 n be 
5.67 * 7 7 


an odd Number the Series will be finite. 


PROP. XXVIII. 


'The Cord of an Arch, and the Cord of its Supplement 
being given; to find the Cord of n times that Arch. 


Let A be the Arch, y the Cord, x the Cord of the | 


Supplement, Radius =1, then by Cor. Pr. XXIII. 
xX Cord . A= Cord. 1. A+ Cord. rd. I. A, and 
Cord. n+ 1.A=xXCord. A Cord. 1. A. that is, 
if any Cord be multiply'd by x, and the foregoing 


one ſubtracted, will give the next following Cord. 
whence 


Cord. Amy 
Cord. 2A=xy 
Cord. 3A =x*y—y 
Cord. 4A—x*y—a2xy 
Cord. Azay—3xy+y, &c. 
And in general let the Cord of, A be 2 
@x"—3y+b—5y—c K y Sc. then will 
9x" —ay x —2+byx"—4+—cy x5 c. 
— Sehe Sc. CE, 


3 c ye Sc. Cord. I. A. 
then equating the Coefficients — I, and 2— or 
@=I=n, and the Integral is 3 (for when * 3, 4 


—2 
or 


Sec. W. of TRIGONOMETRY. 51 
or #=1). Again, a or a. or b=a=n, and F 1G. 


—2 1 
1 n 1 
| 2 alſo ere, or — # 2, and c= 
1 1 7 . 
=. In like manner d==+=®=2=S, Se. whence 
2.3 ht" > 
d —2 


tae Cord 1A — * 4 — — — + 5——.— 


555 — om £5 == 


1. 2.3 2.3 •4 
Fc. that is putting Radius ot. then 


—1 — — — 
Cord. u Arch = _ : ALA. 
1 . 


—.— u—b , 6 677 . A—d 5 Den 
3. —3 E 4. 2— 4 X * 5 15 XN 

Se. | | | 
Cor. If r= Radius, y= Sine, x= Coline of an Arch, | 


then the Sine of the no Arch 3 7 — 4 
* 1 | 


—3. 1A. CEB... 1— 6. 0 2. . rry 
4.2. .—2. Xx“ © 4.3 —3. XX 4.4 — 4. xx 


Sc. this is plain by putting 2 r for r in the forego- 
ing Series. 


we 


©. ws 


RO P. E. 


. The Square of the Cord of an Arch being given; to 
| find the Square of the Cord of n times the Arch. 


Let a, b, c be the Cords of three Arches in arith- 
metic Progreſſion, Rad. =1, x= Cord of the com- 
mon Difference, and v/ 4—x Xx Cord of the Sup. 

| common Difference. Then by Prop. XXIII. Rad. 
r | x Sum of the Cords of the extream Arches = Cord. 
| mean & Cord Sup. common Difference, that is, 


| 28 =8+c. And by Cor. 4. Pr. XXII. ac=bb 
r E 2 x x 
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FIG. — Whence 46 b—bb x x==a a+c c+2 ac=aa+ 


cc+2bb—2 xx, therefore þ b+2—x x+2 x - a= 
c c, that is, In any Series of the Squares of Cords, if 
the Square of any Cord be multiply'd by — * x2, 
and the preceding one ſubtracted, and 2 x x added, 


ou will have the Square of the next following Cord, 
Thus, 8 Square of the Cord 


of As x 
„„. 
3A * — bar 
A 8 20 , 16 
1 * 10* ＋ 35x*—50x*þ 25%* 


therefore let any one in general be expreſs'd thus, 
* —4 W r- fi -c *. Ec. 7 
then the next — one, 1 the Signs), 


will be —x* 4a — Phew Sc. = (by | 


Conſtruction to) ; 
—K Fray — by ＋ c 
2X82 — 24 - ＋ 2.9. 
11 > 2 ko: + 2xx, 
then comparing the homologous Terms we have, | 
. Or 9 80 that is n and v=23, Again, 


4, be 1— or ar, whence a=v==2 u. 


Alſo b=b+20—1, or b=24—1= =2 y—Ly=y yt y, 


9 
therefore 222. 


2 2 
Again, N þ—8, or (=vy——y—y=yy—=2 y+2= 
2 — 1 ——1 —1 7 
v vy py 
vu—2 v+v, and 22.4 
— 1 * . 2 . 3 T + 


In 


Se. IV. F TRIGONOMETRY. | 
| „ „ 3 vv 


In like manner d=2c—b= N — —— 
y y yy y py 9 vy | 
and —— — + —1 5 v 
2.3.4 2.2 2.2.2 2 
But ſince 2 2 — 2c. we ſhall find 


— 2 


= c=v Xe, d S 


3 
Sc. therefore if x is the Cord of an Arch, and þ "the 70 ord 
of n times the Arch, then will 


Miles 2-2 KEI rt gx AO eb 
2 2.3 
1222 — 2 — Sc. = +bb, accord- 
2.3.4 
ing as n is odd or even; and the Series continued to n 
Terms. 


Orion n- OE er C 
a. —_ 3-23. XX 
2 t—06 , , 3 — — 
4. —4 . 552. . xx 
2210. 25.—1 1% F. Ce. = +8. 
6.24—06.xx 
Otherwiſe. 


Since the Law of the Continuation of the Series of 
the Squares of the Cords is this, that any Cord mul- 
tiply'd by 2—xx, and the foregoing one ſubtracted, 
and 2xx added, gives the next. Therefore 


0 Cord = xx 
2.= 4. — ** 
3. 9x*— 6x*þ x* 
4. 16 — 20K ＋ 8x%—x* 
5 =25%"—50%*+ 35x"—10x"|-x"® 


Sc. 
E 3 and 
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FIG. and in general * -c - dx Fc. = Square of 


the Cord of the a Arch. Whence by the Conſtruc- 
tion, 


2 4x ebe aer —24'; 
2 = *. — — 


— > —. 
2 1 e Sc. 


Here then . that is by the Method of 
Increments a420L-0=204-20—0+ 2, that is 8=2= 


* IF 


25, and 422 1A. and 22A, and when 


11, 3 therefore a= 1e 

Again, b=2b4+a—b, and their Increments b+20+ 
7 734 254 -l, and „Sata, likewiſe c=b4h, 
4 8 and ſo on; that is, b=a, c=b, d=e &c. 


ann UN 
therefore þ=» n+x, and 52 * and 5 = 


1 . IT 


n nun, unn 8 N 
— — 11 — 1 t 11 3 
3.4 2.3 z ; 
n unn annn ai 
.. . tp. like 
3-4:5 2-3-4 2 
1 Nan Nh 
manner d : — = and e T_T 35 


and ſo on. Then 3 21. and u, u, n, ce Se 
ww] 1 —2 2 


2, 1—1, 11, 1— 2, 112 Sc. reſpectively. There- 


fore by Reduction will be found an, = 


2'.2.3 
2 


Set. IV. of TRIGONOMETRY. 


— — —̃̃ů (w(v— — — 


. 1 — . 11.4 f. n. an.—.1. 21.—- . M9 Cg. 


31.2. 345 4.17. 

whence the Square of the Cor, the Cord of the n Arch =nnx*— 

an. 2 —1 4 An. 1711 1 u2n—4 1 
21.2.3 ea £2220 T2453 

11. 12—.1. 14. .-? 
4.1.2.3.4.56˙ 7 

us, Cord u Arch gn . A2 . g 

— 2.1. 2.37 3.4.5. 1 


237 4.117 — 43. * 5. .—552. 
E ET 7 917 6.10. ——— ana 
Cor. 1. If x be the Cord of an Arch, Radius =r, 


and c the Cord of z times the Arch; then — 


2* Sc. or putting r= Radi- 


of op X95 = H=—4. tt—=5 a6 
2 . % 2.435907 * * 
—.—62—7 —— H—7.1—8 #9 9-1 


273.48 . „ 
Sc. =Þc, according as — is odd or even, the Se- 


ries continued to — © that 1s, +c when odd, 


and — c when We 
| ; 3 — 
Or thus; Varr—-xx: X into — — e 4. 


— — —— 


—3.1—4 1 —5——4.1— . 2—0 


1 ir 05 
— 1 6. —7. —5 2 : 
TT x*—9— Cc. =Þ c, according 


as T is odd or even, and the Series continu'd to - 


Terms. 
For the former Series is the Root of x*%—29x2%2 


Tzu . Sc. the Square of the Cord, found 
E 4 above 
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FIG. above by the firſt Method. And the latter Series is 


Z 


» _— „ „L v — 


found by dividing the Series x*%—2nx2%— &c. by— 


&x+4 (or rather by xx—4), and extracting the Root 
of the Quotient. 


Cor. 2. If v be the verſed Sine of an Arch, I the 


verſed ſine of u times the Arch, then will . — 


gy. 
A- EL 
2 b 2.2 3.2 — 3.25 
2n—0. 2—7 ＋ D. 28 AE 69%. v 
4.2 —4. 2 5. 2—9. 25 $i tl 


according as # is odd or even, the Series continued to 
a Terms. 


. gl 2:1 = vg _ 


2.2.37 , 3.49957 
3 12 — 32. 2 Chad 42 — 4.25 __ ; . 
* 2 * Sc. This ap- 


9 
pears by ſubſtituting 27v for xx, and 27 V for bb, to 
which they are equal, by Cor. 8. Prop, I. 


re. AXE 


The Cord of the Supplement of an Arch being given ; 
to find the Cord of the Supplement of n times the Arch. 


Let Radius r =I. #= Cord of the Supplement, 
A=Arch; then by Cor. Prop. XXIII. : x : : Cord. 


Sup. A:: Cord. Sup. 2—1. A Cord. Sup. TI. A. 
whence Cord. Sup. -I. A="xX Cord. Sup. 2A — 


Cord. Sup. 2—1. A. that is, if the Cord of the Sup. 
of any Arch, in a Series thereof, be multiply'd by x, 
and the preceding Cord of the Sup. ſubtracted, you 
will have the next ſucceeding one. Hence 


, -—- 0 Aa oo > dd: — „ 


Cord 


et. IV. of TRIGONOMETRY. 
Cord Sup. oA—2 


IAN 
2A =* —2 
Ax —3L 

4A =x*t—4x2 ＋2 
3 5% 
ee 


and in general a A=x" - A - -s c. 
then +1 I. TIO . ——Cey Se. 


8 Sc. by 
9 — AX ;- s Con- 


ſtruction. Hence a ga i, ad a = In, whence agu. 
a f ; 


n 1 
Alſo b=b+6, and b=a=n, whence þ== * 
. 5 „ 1 
for when n=4, b=2, therefore b= === 1—1 2 
—2 
n un nn 
= ==. 
2 _ 2 
| 1 n 


Again, c= 6b, and c=b== 


1 as = 
2 — 


211 . 
2.3 2 3.2: 3 | 
> of oY 3 
Again, dc. . +=, and d- 
21 2.3 2 2.3. 4 


Mn 71: un 1 01 
2 In like manner e = 
3 1.2. 3 
n un n u un 
= 65. whence 
2.34.5 
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FIG. The Gord FE. the Supplement of the n Arch is = 
5 — 3 2—4.—5 2 * 
—_ + 5 122. 3 ere 
1 5 A 14 9 c 3 
** Z BERL. 
= © phe rrp. — F- &c. continued 
5 4. 4. ** 5. 6. XK 
: tots terms when z is odd, or to _ terms when 


3 
Cor. Hence if Radius r. x= Coſine of an Arch, 


then the Cofine of the u. Arch = A 


#—3.7r B nat —grr We SE 7 
4. 2K 4.3. —3. * P44. 4. 1-4. æõ * 
continued een — 2 terms when # is odd, or to 2 241 


terms when = 


: T his follows from the foregoing Series putting 37 - 
or r. 


ar. XN 


Groen the Cord of an Arch, and the Cord of the Sup- 


Nement of twice the Arch; to find the Cord of 2m+1 
times the Arch. 


Let Radius =r=1. Arch =A. Cord of A=y, Cord 
Sup. of 2A=z. Then by Cor. Pr. . Pr. XXIII. 1: 2 
Cord of 2 11. A: Cord of 2m—1.A+ Cord of 
2MÞ+3.A, therefore Cord of 241-3. A=zX Cord of 
2mF1.A— Cord of 2.1. A, that is in a Series of 
theſe Cords, if any one be multiply'd by 2, and the 


foregoing one ſubtracted, you will have the next fol- 
lowing one. Whence 


Cord 
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Cord A= 
3A ?: Xy 
GAZXZ"+Z—1Xy 
TA=2)+2Z—22—1Xy 
gA=2*+2)—32*—22+1Xy 
11 — 32+1Xy 
13A +zZ—;2'—42/ +62" + 32—1Xy 
15A=27+2* —62—52*+102*\+62*—42—1xy 


and in general Cord 2m+1. A= CN i422 
c 4-4 22 — . fan? Sc. then by 
Conſtruction, 

N --- dz - 5e. 
ö 22 


i eee 4 es 


&c. == Cord of ny A. whence ., and 


5 or a em, whence am for when M=2, =I. 


Again, b—þ or In, and — for when m= 


3, =. 
mM il 
Alſo ce, and -c or — whence IT IE 
7 m m | 
Likewiſe =o or d bm, and 4. . 
2 3 . m m m 


Alſo e * =3, and r likewiſe f=4d, 
. * oF 


mmm m mn m m m m mn m 

E 

2.3 2.3+-4 2.3-4 
M...M Mee M 4 


2 k==2_ c. whence the 
$:3-4-5 2.3.4.8. 
Cord of the 2m-p-1. Arch Sy x into 29 +2%—"— 
MT 


- $ 


--S 
el 


PROP. XXXI. 


Oven the Cord of the Supplement of an Arch, and ib: 
Cord of the Supplement of twice the Arch; to find th 


Cord of the Supplement of 2 m4-1 times the Arch. 


Let Radius =1, Arch =A, Cord Sup. A=x, Cord 
Sup. 2A=z, then as in the laſt Prop. Cord. Sup. 
2m4-3.A=2X Cord. Sup. 2 m+1.A— Cord. Sup. 
2m—1.A. that is, if, in a Series, any one be multi- 

ly'd by z, and the foregoing ſubtracted, you vil 
he the next following one. Hence Cord. Sup. 
of Arx 
of 3A=2—1 : Xx 
of 5A=2'—Z—1Xx 
TA=2'—2*—2+1Xx 
gA=2*—2— '2*+22+1Xx 
HA=2—z—q42--.2*+32—1Xx 
: Sc. 
And in general, Cord. Sup. 2 m+1 A=2"—2!— 
an - E -- I -t—dz"—5-e2"-5 Sc. there 
fore by Conſtruction 
z I— 2 tl Iz þ 23 
—12—＋ Z a2*—3 ö ** 


1 


2 - - Nc = Cord. Sup. 
1 I 1 


2m 3 


Si 


a. 
— 
ö 
ö 


FA 


ram. 7 TRIGONOMETRY. os | 
W2»+3-4 hence a=4+1, b=b+1, Seta, d FIG. 


Se. all as in the laſt Prop. and therefore the Coeffici- 
ents a, b, c, &c. will be the very ſame, whence the 


Corl. Sup. 2m+1.A=xX | NE ns ans 


I . M—4 .M— -5.m—6 — 
| 2.2 + "Gl" ee + 
M-—4. © + + » —7 Zu—8 Se. 
4 


Cor. If Rad. =1, z= Cord. Sup. of. Part of 
2m 1 


the Circumference, then o r 


d WY —? 


2—=34. = = 2-—4 Se. 


Cord of the Sup. and the general Series is So, and 
may be divided by x. And in that Series z= Cord. 


Sup. 2A, or of the 2m+1* Part of the Circumference. 


P — 

. For if mix A Semi- circumference, then the 
| 

l 


PR OP. . 


The Tangent of an Arch A being given; to ne the 
Sine and Cofine of n times the Arch. 


Let = Tan. A, then by Prop. XXIV. S. 2A 


: egy - 1—1. 12 Ae. but 2==, and az rr 
* 2.3. XK Yr vrr+it 


4 r Len nrt 
therefore ä — — — whence 


Saf art — . HB —? He Sr. 


men e.zrr 


Like- 


3 


62 
FIG. 7 jkewiſe by Prop. XXVI. Coſ. nA= 2 


A chat i e. A 6 


whence 3 
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2—1 


nr 


4 Try 
| 8 | rr+t1* | 


A222 — 4. 
4. rr 


A 2——1 2—2 tt 
S. A — —— 


n 2 .g7r 
A x | 
n—5 .n—6.tt C. 817 
reg es "BR 2. 


D— Sc. and 


A= pr . —1. 7 4 —2.—3. 11 
. I" 27 7 3. 41TH 
U—4.u—5.tt — 2—7 
5. Err 


—— E. 
7 rr 


Cor. 1. Hence ſince , therefore Tan. nA = 


: 0 . —2 © * „ „ „ 0 — 1 

. — Pot Hd 9465 &t. 
4 , 2.3.4.5 

— ——³AWemͤ—— * — ö -F. — —.— 


„1 | A. 1 "Ws o — 2 $ 
714 2 3 . 


— 


1 1. 2 . 
Cor. 2. If /= Secant of A, and t= Tan. A, then 
— — —ů— 898 
. pp Pn Apes tn GS, 
2 Load 


err Rada | 
for /rr+it=/, and Gn” Secant. 


OX WECHOLIUM. | 

Tho! the principal Uſe of the foregoing Propoſiti- 
ons is when is an integer Number, in which Caſe the 
Series will always terminate. Yet theſe Series will be 
equally true when # is any fractional Number, if they 
do but converge. For the Inveſtigation of any of theſc 
Propoſitions does not ſuppoſe that u is always an Inte- 
ger, it only ſuppoſes that 7 is 1. | 


SECT. | 


wa, v. of TRIGONOMETRY, & I 
| | FIG. 
r. V. | 


Angular Sections, the Inſcription of Polligons, the 
Properties of the Cords or Subtenſes of Arches. 


i. . * T3 * 1 * 


8 "1 ts FS 1 


— 


PRO P. XXXIV. 
Tf any Arch of a Circle as AR be given, and there be 
taken the Arch A D=- the Arch A R; u being any in- 


teger Number; and if the whole Circumference of the 
Circle be divided into n equal Parts at the Points D, E, 
F, G, H, Sc. beginning at D: Then 1 ſay any of the 
Arches AD, AE, ADF, AEG, AEH, Sc. repeat- 
ed n times, from A, will always end at R. 

Call the whole Circumference C, then by Con- 
ſtruction, A DAR, alſo 2D EC, and »* 
DE F=2C, and »xxDEG=3C, ax D F HA C, 
Sc. therefore 


u AE or ADAM DE ART C 
and AF or nA DT DF =AR+2C 
and n A EG or »x A D+»xDEG=AR+3C 
nAFH or n A D4+nxE FH = A R+4C, Oc. 


Therefore nA E, A F, AE G. Sc. , 2, 3, 
Sc. entire Circumferences + the Arch AR. And | 
ſince any Number of Circumferences will end at the 
Point A where they began; conſequently by the Ad- 
_ of the Arch AR, they will neceſſarily all end 
at R. 

Cor. It the Cords AR, BR, AD, AE, AF, Sc. 
are drawn; then the Cord A R= Cord of times 
A D, or of x times A E, or of ꝝ times A EF, or of 


a times A E G, Sc. and BR is the Cord of the Sup- 
plement of each of theſe, 


7. 


PROP. 


a—_——_—_— 6. — 


* es. —— dre 
12 — 


or the Cord of BR, x D the Cord Sup. firſt Par 
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# PROP. XXXV. ? 
To divide an Arch AR into any Number of equi Ml <5 
Parts as n. 9 


Let the Radius 1, B Cord of the Sup. of AR, 


* @ 


Ce 


AD. Then by Prop. XXX. x" — e 


Sc. = +6, according as the Arch AR is leſſer ot 

ter than a Semi-circle. Therefore x the greateſt 
Root of this Equation, being extracted, will give BD | 
the Cord of the Supplement of the Arch required. 


EXAMPLE. 


If the Arch AR be leſs than a Semi-circle, andi; 
to be divided into 7 equal Parts; then 227, and 
ou will have „-? 14%%*—7x==b, whoſe greateſt 
— x is BD, the Cord of the Supplement of AD 
required. , 
Otherwiſe. 
Let Rad. =1, Cord A R=4, Cord A Dx, then 
by Prop. XXIX. you will have & - 2 #2*—2+2 7 x 


2A s, Ec. to n terms Ab, according as : 


2 | 
is odd or even. Then extract the leaſt Root x x of 

this Equation, and then its Square Root x will be = 
AD, the Cord of the firſt of the equal Parts. Or thus, 


18 8382 


> 5 


put 14 22 * 4 — 2 x* Ce. 
Sb, Cc. | Ct ak , 
EXAMPLE. t 

If AR was to be divided into 5 equal Parts, then 

ng. and x - 10 ,, 3:x*—5ox*+25x*=bb, whoſe 

leaſt Root xx is the Square of A D, and x =A D, the 
Cord of = Part of the Arch A R. „ 
: * 
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65 


Cor. If you continue to extract all the Roots x, you FIG, 


will get the Values of all the Cords BE, BF, BG, 
Sc. by the former Method; or of the Cords A E, 


AF, AG, &c. by the latter Method ; as appears by 
Cor. Prop. XX XII. 


SCHOLIUM. 


If x is not a prime Number, but compounded of 
two or more Primes ; it will be eafier to divide the 
Arch into a Number of Parts denoted by one of theſe 
compounding Numbers, and then the firſt of theſe 


Parts into as many Parts as is denoted by another of 
them, and ſo on to the laſt. 


PROP. XXXVI. 
To inſcribe any regular Poligon in a Circle. 


Let the Number of its Sides be Sazmꝗ i, an odd 
Number. Radius =1, z the unknown Cord BD, 
or the Cord of the Supplement of one Part AD. 


Then by Cor. Pr. XXXII. A 224. 


M—2 
I 


will give BD, and VJ—zz= Side of the Poligon 
AD, required. 


EXAMPLE. 
In a Heptagon, 2m+1=7, or m=3, then by the 
former Equation Z*—2*—2z+1=0, and the greateſt 


Root z gives the Value of BE, and v4—zz=A E 
the Side of the Heptagon. 


2*%—3, Sc. =o, therefore the greateſt Root 2 


Otherwiſe. 
Let z= Number of Sides, Rad. t. x= Cord of 


the Sup. of the uh Part of the Circle. Then ſince 
the Cord ſubtending the whole Circle is o, therefore 


by 


7. 
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FIG. by Prop. XXVIII. b es, Ge. ao, there- 


10. 


fore dividing, by y, you will have at 1 


#3 — x5, Sc. So, extract the greateſt Root 
I 


x of this Equation, then v 4—x x=Side of the Po- 
ligon. 
PL 


In a Pentagon »=5, then x*+—3x*+1=0, and x* 


= the greateſt Root, and /4—xx= Side of the 
Pentagon. 


SCHOLIU M. 


When the Number of Sides is not prime; it will 
be eaſter to divide the Circumference into a Number 
of Parts denoted by one of the Primes that compoſe 
it; and then one of theſe Parts into as many Parts 
as is denoted by another of the compounding prime 
Numbers, and ſo on till all the Primes which com- 
pole the given Number be exhauſted. 


PROP. XXVII. 


If the ArchD AF of a Circle, whoſe Diameter is 
AE, be divided into an even Number of equal Parts at 
C, B, A, H, G, Sc. and there be drawn the lines BH, 
C G,DF, &c. Perpendicular to the Diameter AE; and 
likewiſe the Cords A B, BE. Þ jay, the Sum of the 
Lines, BH, CG, Cc. + baff the laſt, that is B H- 


AOXEB 
CG+DO= * 


For draw the Lines CH, DG, Sc. then all the 
Triangles BAK, KHL, LCM, M GN, N DO, 
Se. are ſimilar. Therefore BK : KA::HK:KL 

: CM: ML ::GM:MN::DO: ON, Se. 
therefore BK : AK:: BKTK IIC NFG M0 
—B ICOTEEETT O41 © 


— Py mo, of — 


1882 


1 (3 ® 
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:O A. But EB: AB::BK:AK::BH+CG+ FIG. 


DO: AO, therefore A EB 11+C OL O=A O 
XE B. | | 

Cor. 1. If the Circle AD G be divided into an even 
Number of equal Parts at A, B, C, D. E, F, Sc. and 
all the Lines BH, CG, DF, Sc. be drawn, and 
allo AB, BE. Then the Sum of all the Lanes B H 
ADF, Ge. — 

For here the baſe of the Segment is o, and the 
Points D, O, F, E coincide. 

Cor. 2. If a Semicircle AB E be divided into any 
Number of equal Parts as u, at the Points B, C, D, 
Sc. and the Sines B K, CM, DO, Se. be drawn; 
then I ſay, the Sum of all the Sines, B KTC M+ 


O e., LAEXER 
DO, Se. — 2B KE . 
"RY ES FR 
For by ſimilar Triangles T= EER and taking 


I halfof the Quantities in Cor. 1. B KC MA DO = 
LL AEXEB_AEXER TIEN 
Is 2AB 2BK 
Cor. 3. Let Radius r, = » being any In- 


1 teger. 8. A. c= Coſ. A. then the Sum of all the 


Hence 


| 7 Sines of A, 2A, 3A, 4A, Sc. in the Semicircle, is = 
12 
| — . 


S 


Cor. 4. Hence the Area of the Curve, made by 
l erecting all the Sines perpendicular to a Line equal to 


the Semi-circumference, or as it is commonly called, 
I the Area of the Figure of Sines, is =2 #7. 


For if » be infinite and A be =1=s, then c=r, 


and the Sum of all the Sines or Area of the Curve = 


27 7 


6 PROP. 


10. 


: N 8 R : Le * con ARE 
. PPTP —— 


Of py Ss W 
— V4. —— — - 
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PROP. XXXVIII. 


If the Circumference of the Circle AD G be divided 
into an even Number of equal Parts, at the Points A, | 1 
B, C, D, Sc. and the parallel Chords A B, C H, DG, 
Sc. be drawn ; I ſay, the Sum of all the Cords apy | 


AE 


For by ſimilar Triangles AE: AB:: AB: AK 4 
'HL:KL::CL:ML::GN:MN::DN: 1 
NO: FE: EO, and by Compoſition AE: AB:: 
ABC H+DG+FE : AE. 1 


Cor. 1. If a Circle is divided into an even Number 
of equal Parts, and A be one of the Parts. Then 
the Sum of all the Cords of 2A, 4A, 6A, 8A, &c. Þ 
is to the Sum of all the Cords of A, 3A, 5A, 7A, 
Sc. :: as EB: to EA. 4 
For BH, CG, DEF, &c. are the Cords of | 3 
2A, 4A, 6 A. And BA, CH, DG, Cc. are 
the Cords of 1A, 3A, 5 A, &c. And the Guſt | 


Sum, 1s to the laſt as ADs A 1 


AB AB 3 
:to AE. 


Cor. 2. If a Semicircle is divided into any even Num- 4 
ber of equal Parts, as u; and if A be one of theſe Parts, 
and 5=S.A, Radius =r yew the Sum of the Sines I 


of A, 3A, 5A, 7A, c. 4 


N 
This follows from this Prop. n half the Cord 1 
for the Sine of half the Arch. 2 
Cor. 3. If a Semicircle is divided into an even 3 
Number of equal Parts, and A be one of theſe Parts, 
and Rad. r, S. As, Col. Arc, then the Sum ot 
all the even Sines in the Semicircle, __ in the Sum 


of the Sines of 2A, 4A, 6A, 8A, Sc. = == 


anal? PA 


1 
5 
ov 
+2 
Ls 
#42 
+, 
For * 
* 

* 

-— a. 
2 

_ 
0 2 
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For by Cor. 3. Pr. 37. 1 5 rte, FIG. 
che of the Sines of { A, 2A, 3A, 4A Cc. r 


1 1 And by the laſt Cor. : A, 


9 Sum of the Sines of 
- ; Thefe Sum 2A 4A, 6A &c == 


PROP. XXXIX. 


If the Circumference of a Circle, whoſe Diameter is 
AB and Center C, be divided into any odd Number of 75 
equal Parts, as u, at the Points D. E, F, G, H, I. K; 
and if, from any Point A, there be drawn the Cords 
g AD, AE, AF, AG, AH, Sc. and if there be taken 
n IX the Arch AR=nxXx Arch AD, and the Cord AR 
c. drawn : I ſay the Product of all the Cords ADXAE 
\, NA FX AGXAHXAIXA K=A RCB. 


_w 
. © 
my e „ 
8 3 — 8 
I ˙uũü -" "o 
2 K 
"I 9172 — __ N es 
3 


_ 
N 
5 
2 
7 


1 8 


" 1. Let the Line Q A P be ſuppoſed to revolve a- 
re bout the Point A, the common Origin of all the 
X Arches; then will the Part AP paſs thro' the Cir- 
*X cumference of the Circle AE B H A. And if the 
L ine till continues to revolve about A, and the other 
End AQ will alſo paſs thro all the Points of the 
Circumference AE B HA. And if the Line ſtill re- 
volves forward, then the Part A P paſſes again thro? 
the Circle AE B HA, &c. and fo on alternately. 
Nov if from A to any Point of Interſection as R, the 
Cord AR be drawn, this Cord, A R will be affirma- 
tive in going the firſt time about the Circle; but 
negative, the ſecond time about; becauſe then A R 
will lie from A towards Q, in the Revolving line, 
which is the contrary way to what it laid before 
likewiſe in going the third time about, A R will be 
affirmative, and the fourth time negative, and fo on 
alternately. Therefore in general, let C= Circum- 
ference, A= any Arch leſs than C; then the Cords 
of A, 2C+A, 4C+A, Sc. or of any even Number 
of C's +A, will be affirmative. And the Cords of 


* F 3 9 


4 — 2 
— — a 


Re ” A 4 1 — 1 mY MN 


g 
; 
T 
; 
| 
g 
| 
| 


a 
— id air dn —ä ñ Z — 
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FIG. CA, 3C+A, 5C+A, Sc. or of any odd Number 


7. 


of C's -A, will be negative. 

2. Let A R c, x= Cord of the ſingle Arch. Now 
ſince n times the Arch AD, AE, AF Sc. all end 
at R (by Prop. XXXIV.) and therefore have the 
ſame Cord A R, conſequently by Cor. 1. Pr. XXIX. 
we ſhall have | 


Caſe 1. * - Ac. Ac, the Cords of A, 20 

+A, 4C+A c. 

or the Cords of ax AD, A F, AH Sc. 
Caſe 2. * - % Ac. =—c, the Cords of A, 
| 3&3, 5&A &c. 

or the Cords of AE, x AG, ax AEH c. 


And in Caſe 1* the Root A D, being affirmative, 
the others A F, AH Sc. are affirmative for the ſame 
Reaſon. 

And in Caſe 2* the Root AE is affirmative, and 
likewiſe the Roots AG, AI. But it is ſhewn in 
Algebra, that if the Signs of all the even Powers in 
an Equation be changed, the affirmative Roots are 
changed into negatives, and the contrary. And in 
Caſe 2* all the even Powers of x are wanting, except 
c, therefore in Caſe 2* changing c into +c, we have 
* —1x"— &c. c, in which Equation, AE, AG, 
AI Sc. are negative Roots. But this Equation is 
now the ſame as Caſe 1. therefore in general, in the 
Equation x"—xx"—2 c. c, the affirmative Roots are 
AD, AF, AH Sc. and the negative ones A E, 


AG, AT Fc. 


3. It is ſhewn in Algebra that in any Equation, as 
** —pxX"—2 $95, c, or rather x"—ar x2 Sc. c=, 
the abſolute Number is equal to the Product of all the 
Roots; therefore ADA EXA FXA G Sc. cn. 


Cor. 1. The Sum of all the odd Cords is equal to 


the Sum of all the even ones, A DA FTA H+ 


AK=AF+AG+AI. 
For it is ſhewn in Algebra, that the Coefficient of 
the ſecond Term is = Sum of all the Roots ; and here 
| the 


- 
* _— T 


| 
; 
( 
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the ſecond Term is wanting, and therefore A D— FIG. 


AE+A F—AG Sc. =o. 

Cor. 2. If the Semi-circumference be divided into 
any odd Number of equa] Parts, as 2; whereof the 
two firſt are BF, the two next E F, the two next 
E D c. and if the Cords AF, AE, AD Fc. be 
drawn: Then the Product of all theſe Cords, A FX 


AEXA D=CB—=. 


For if AD=AK, then R and G fall in B, and 
AE=AI, AF=AH Sc. therefore by this Prop. 
A D*XA E2XA F*XA B=A Bx . 

Cor. 3. The ſame Things ſuppoſed as in the laſt 
Cor. I ſay, AF-AE+AD Sc. CB. 

For by Cor. 1. 2A D+2AF=2A E+AB. 

Cor. 4. If Arch B R XB G, and the Cord AR 
drawn, and the reſt be done as is ſuppoſed in the 
Prop. then the Product of all the Cords A DXA Ex 
AF Sc. ARX CB“, and AD+AF+A H+ 
AK=AE+AG+AT. ; 

For it will appear with a little Conſideration, that 


ADB G- half of DEN. or A D+1nxBG= 


LC. But »XBG=BR, therefore »x AD C— 
BR=AR, therefore this Cor. comes to the Caſe of 
this Propoſition. 

Car. 5. It a 6 = be divided into any odd 
Number of equal Parts, as u; and A be one of theſe 
Parts, Radius S. then the Product of all the Sines, 
of 1 2 3 A, 5A, 7A c. in the Quadrant = 


2X > 
2 
This follows from Cor. 2. taking half the Cord for 


the Sine of half the Arch, and half Radius for CB, 
and multiplying both Sides by r. 


F 4 PROP. 
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PROP. XL. 


If the Circumference of a Circle, whole Center is C, 
be divided into any odd Number of equal Parts as n, at 
the Points A, E, F, G, H, I, K, and from any one as 
A, to all the reſt there be drawn the Cords A E, AF, 
AG Cc. I ſay the Produtt of all the Cords, A E x 
A FA GXA HXAIXA K=2x A C7, 


For let the Arches AD, AR be infinitely ſmall, 
and they will coincide with their Cords ; then the 
Cord AD, is to the Cord AR, as 1 to x, and with 


this Ratio the Cords AD, A R vaniſh when A and 


D coincide, and therefore by Prop. XXXVII. 1xAE 
XA Fx AG Sc. Xx C B 1. 


Otherwiſe. | 


If AD be So, then u times the Arch AE, AF, 
AG Sc. always ends at A, and therefore c the Cord 
of theſe multiple Arches is =o, therefore if S Cord 
of the ſingle Arch, we ſhall have (by Cor. 2. Prop. 


l 4 — | 2 
XXV.) ns —* 5 Se. So, wherein one Root 5 


is So, and the Equation being divided, we have — 


— Sc. So, wherein the abſolute Number is 1 
2477 


or rather 11, which therefore is equal to the Pro- 
duct of all the Roots, whoſe Number is now 11. 


Cor. 1. If the Semi-circumference AE B he divided 
into any odd Number of equal Parts, as 7 ; whereof 
the two firſt is A E, the two next E F, the two next 
FG Sc. And the Cords AF, AF, AG Sc. be 
drawn: I fay the Product of all the Cords A Ex AF 


* 71 


* AG Se. CR xv. 


For A E= AK, AF=AI Sc. therefore A Ex 
AF*XA GX AC. 


Cor. 
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Cor. 2. If the Quadrant of a Circle be divided into FIG. 
any odd Number of equal Parts as u, and A be one 9. 
of them; then the Product of all the Coſines of A, 


% 


3A, 5A, 7A c. =” Xn. 


| This follows from the laſt Cor. becauſe AG, *AF 
Se. are the Coſines of 2B G, 2B F Sc. or of A, 
3A Se. 

Cor. 3. Hence alſo, the ſame things ſuppoſed as in 
tis Prop the ſum of the Squares of the Cords A Ez 
+AFAG+AH*+AP+AK*=2nxCB. 

For in the Equation 1 
ther by Cor. 1. Prop. XXIX. - a Fc. =o, 
one Root x=0, which being divided, x—!—1x%3 Ce. 
So, ſince here the Index decreaſes by 2, therefore 
xx is the Root of the Equation, and ꝝ or ur“ the Co- 
efficient of the ſecond Term is the Sum of the Roots, 
that is of the Squares of A E, AF, AG; which 
doubled gives the Sum of all the Squares. 


E22 


n 3 
o , + FIC? W 


c. =0, or ra- 


r. ALL 


If the Circumference of a Circle, whoſe Center 1s C, 12, 
and Diameter A B, be divided into any even Number of 
equal Parts, at the Points D, E, F, G, H, I, and from 
any Point A, there be drawn the Cord AD, AE, AF 
Ge. And the Arch A R be taken =nx Arch A D, and 
the Cord A R drawn; then the Product of all the 
Cords A DxA Ex A FxA GxA HxA LA RxC B 7. 


Let Cord A R=:, and x= Cord of the ſingle Arch, 
then by Prop. XXIX. we have —* 2 ue Se. 
=cc. But xx or the Roots of this Equation are 
AD?®, AFz, A Fz Sc. and therefore their Product 
AD*x A Ez Sc. cc or rather cc, and ex- 


tracting the Root, A DxAEx Sc. =o r=”, 


Cor. 
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AD2+A E2+A FZT＋A G*+ A Hz T- AIZ =2 nx CB. 
For the Coefficient of the ſecond Term is the Sun | 
of all the Roots = 2» or 217*; 
Cor. 2. If the Semicircle AE B be divided into an 
even Number of equal Parts, as u; and the odd Cord 
AD, AE, AF drawn; I ſay their product ADx 


AExAF=CA*xy2. | 

For in this Caſe, AD=AI, AE=AH, and AF 
—= AG, and AR=—2CB, therefore A D*XA F*x 
AF=AKXCE -:CÞ. - 


PROP. XIE 


Tf the Circumference of a Circle, whoſe Center is C, 
be divided into any even Number of equal Parts, at A, 
D, E Sc. and from one of them as A, there be drawn 
to all the reſt the Cords AD, AE, AB, AG, AH; 


I fay the Product of all the Cords, A DXA Ex A Bx 


AGXAH=xCB—, 


For 3X AD, AE Sc. all end at A, and their 
Cords =o, therefore by Cor. 1. Prop. XXIX. x*%" 
— #—2 * 1 Cc... . IAR: X VA x, So, and 
one Root x, and dividing the Equation by it and 
the Correſpondent Cord of the Supplement v 4—## 
(which here is AB), and we ſhall have K* 


rr +Z z=0, where z or Zur 1s the 


Rectangle of the remaining Roots AD, AE, AG, 
AH, which multiply by 27, and you have A DX 
AEXAB &c. =nr*—, 

This Prop. is alſo evident from the laſt Prop. by 


ſuppoſing AD, AR infinitely ſmall, and to vaniſh in 
the Ratio of 1 to z. 


PROP, 


OP. 


eck. V. of TRIGONOMETRY. 
FROP. AT 


If the Circumference of @ Circle A FH A, whoſe 


Diameter is A B and Center C, be divided into any even 
Number of equal Parts as n, at the Points D, E, F, G, 
H,I; and from any Point B in the Circumference, 
there be drawn the Cords BD, BE, BF Sc. and if the 
Arch AR be taken =nX Arch AD, and the Cord 
BR drawn; I ſay | 

The Product of the Squares of the odd Cords B D*X 
B FIB HE ATE RC BOD when rn is an odd 
Number; and B A—B RX C B.-, when rn is an 
even Number. | 

And the Product of the Squares of the even Cords 
BEXBG'XBIF=B A—B RX CB i, when in is 
add, and = BA+B RX CB, when zu is even. 


For Let A be the common Origin of the Arches; 
and let the line P Q revolve about B, beginning at 
A, and going thro' the Semi- circumference A E B in 
which any Cord as B R being drawn, will be affirma- 
tive. But after the Point of Interſection paſſes thro? 
B, the other Part B Q paſſes thro* the whole Circum- 
ference, in which any Cord BR will be negative, 
then the Part P B paſſes thro” the next Circumference 
from B, and any Cord drawn in it will be affirma- 
tive; and ſo on alternately. Therefore if C Cir- 
cumference, A= Arch A R leſs than C; then will 
the Cords of A, 2C A, 4C+A Sc. be affirmative, 
and the Cords of C&A, 3C+A, ;5C+A Sc. nega- 
tive, Put a= Cord of BR, then 


CASE L 


In the Arches A D, A F, AH, whoſe Sup. Cords 
are BD, BF, BH; we have ax A D=A. nu» F 
2C-Az A F H=z4C+A &c. wherefore the Cords 
of zx AD, 2x AF, ax AFH are affirmative. 

| Whence 


D 
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FIG. Whence by Prop. XXX. 


14. 


15. 


14. 


16. 


* - c. —2=+a, when £7 is odd, 
and * - &c. T2 =, when 2 is even, 


that is / —1x%2 Ac. =a+2, according as £7 is odd ; 
or even. In which Equation the Squares of BD, 
BF, BH the odd Cords are the Roots; therefore 


their Product is 27:9, or rather 2r+@ x 1%, accord. 
ing as 2 n is odd or even. 


. 
In the Arches AE, AEG, AE I, whoſe Sup, 


Cords, are B E, BG, BI; we have »x AES CA 


A, xAEG=3C+4A, zx AE I=;C+A. Therefore 
the Cords of »x A E, ux AEG, XA El, are nega- 
tive, whence. by Prop. XXX. 


X"—1 =I c. - 2 =-, when 47 is odd. 
and x#"—1 x c. T2 = -a, when zu is even. 


that is x- U &c. +4Þ2=0, as 2 is odd or even. 
Wherein the Squares of BE, B G, BI, the even Cords 
are the Roots, and therefore their Product is aÞ2 or 


rather 27+ax#—?, according as r is odd or even. 


Cor. 1. The ſame Things ſuppoſed; the Sum of 
the Squares of the odd Cords, as alſo the Sum of the 
Squares of the even Cords, BD*+B F*+B H* or 
B E'+B G*+B F=7Xx CB? 

For the Coefficient of the ſecond Term in both E- 
quations is x or 272, the Sum of the Roots. 

Cr. 2. The Product of the Squares of the odd 
Cords ＋ the Product of the Squares of the even 
Cords, that is, B D* x B F*x B H*+B EzxB Gz2xB] 
. | 

Cor. 3. Hence alſo if the Circumference be divided 
into an even Number of equal Parts as x; and Cords 
be drawn from any Point B to all the reſt, then the 
Sum of the Squares of the alternate Cords will be e- 


qual 


Book I. 
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qual to each other and to #»x CB; B Az+B Fa F 

B H-＋B LTB N= BEZ＋B G2+B M*+ BC? = 

ax CB. 

This follows from Cor. 1. ſuppoſing the Point G 

to coincide with B, and D with A in Fig. 14, 15. 

Cor. 4. If the Arch AR the multiple of AD, be 
greater than half the Circumference; then the Cord 
of the Supplement with be — a. In which Caſe you 

muſt write —B R for +BR, and +BR for —B R, 

in the preſent Propoſition, 


SCHOLIUM. 


Since the Square of the Cord = verſed Sine X Di- 
ameter, therefore, in the foregoing Propoſitions, and 
their Corollaries, you may, by Subſtitution, find the 
Sums or Products of the verſed Sines of Arches, in- 
ſtead of the Sums or Products of the Squares of the 
Cords correſponding to them. 


rr. ALY. 


| If the Circumferencd of a Circle, whoſe Diameter is 17 
AR, and Center O, be divided into any Number of e- 18 
qual Parts as n, at the Points A, C, E, G Cc. begin- 
ning at A; and from any Point P in the Diameter A R, 
be drawn the Lines PC, PE, PG Sc. I ſay the Pro- 
duct of all the Lines APxPCxPExPG Sc. thro? 
the whole Circle is = AQO"—O P;. 


"ON, 


For draw the Cords AC, AE, AG; and from 

C, E Sc. let fall Perpendiculars upon the Diameter 
AR, as CI Sc. and let A O or O R=r, PO=x, 
| AP=y=r—x Then PC=AP+AC—2PAX 


AED ACA, 


= 9 gt I 
EET Ee TS 
8 

. 
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„ | thatis PC=y+*AC ) 


likewiſe P EN AE* cr multiply'd 
alſo PG p AG Se. 


together produce PC P Ex PG += * 


ACFAFFA Sy AGxAEFACxAG 


TAExAG+* © xACxAExAG=PCxP, 


PExPexPGxPg. But in the ſecond Term of 
this Equation A C*+A E*+A G' is the Sum of the 
Squares of all the Cords (A C, AE, AG) which 
call A. And in the third Term is the Sum of all 
their Rectangles =B. In the fourth Term the Sum 
of all the Solids =C, and ſo on. Likewiſe the In- 
dex of y in the firſt Term is 2—1, when z is odd, or 
1-2 when even. This being premiſed ; the Equa- 
tion will be expreſs'd in gn thus, P C 8 Pc xPE 


„Pe e. NA, BTA 
r D Sc. when u is odd. And PC Pe P Ex 


Pe &c. I, —+ A+ - BTA C 


when u is even. Tabs = Cord of AC, AE &c, 
then, - 


CASE L 
If z bean odd Number; then by Cor. 1. Prop. 
XXIX. the Cord of 2 times that Arch = — — 


11 — 
— 
by which dividing the Equation, and multiplying by 


1 


Sc. o in this Caſe. But here one Root is x=0, 


* 


n 


cy "4 
r il 


& -— 64 iy <7 


LY * 


tartar ew: 


2 
9 


$2.24 
4 


wes „„ 


"Ih + 42 
* 


4 


— 
* 


« 


Roots are A C?, A Ef, AG. 
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u. u—3 


, you will have - 3 PS Senn 


—— 


. — Ge. So, wherein the Roots are 


AC, AE, AG, Ag, Ae, Ac. But ſince AC= 
Ac, AE=Ae, AG=Ag, and ſince in this Equati- 
Won there are only the even Powers of x; therefore x x 
Wis the Algebraic Root of it, and all the particular 


But in every Equation the Coefficient of the ſecond 
rerm is = the Sum of all the Roots, therefore A C* 
=AFE+AG = A, the Coefficient of the 


dard Term = Sum of all the Rectangles = 223 4 
, the Coefficient of the fourth Term = Sum of 
1 all the Solids = C = —5 — , and fo on. 


Therefore putting for A, B, C &c. theſe, their Va- 
lues, and we ſhall have PCxPExPGxPg Sc. = 


y=I1+ 7 * * 17K f- 1 1+ Sc, =y—1 


r- —— * 25 — = * 
Ec. that is, (putting 7—v for y and involving) 


—ů— —ů— — 


. „ —. . —— — =: e. 
2 
45 — 3 „ — mb a3 Ofc. 
2 
+ 7. —3 ET RIES ”.u—3 - n—5 = e. 


2 2 . 


r- 4 ca” do p—4x3 Os. 
Sc. . 4 x97 
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F 1G. then multiply by PA or —, and you will have 


18. 


The ELEMENTS Book 


PAXPCxPEXP GPR Pe Pc- x-. 


CAS E IL 


If u be an even Number; then by Cor. 1. Prop. 
XXIX. the Cord of u times the Arch =v4rr—xx x 


„„ b 3 
1 _ Sc. So, in which is one Root 

zo, and dividing the Equation by x and the cor- 
reſpondent Cord of its Supplement VArr-xx (which 


here is A R), and multiplying by -, you will- haut 
* — — r Pans 


| 
| 


5 3 P/ 
: 5% eu- Sc. =0, in which there be. 2 
ing only the even Powers of x, the Roots are AC, * 
AF, A G'. P 
But in this Equation the Coefficient of the ſecond D 
Term is = Sum of all the Roots AC2+ AEz+ AG:= a 
—2 X12=A,the Coefficient of the 3. Term is theSum of 
of all their Recungles = 2324 B. The Co il ©; 
efficient of the fourth Term is the Sum of all the So- X 
lids 2 — — — 4 C, and ſo on, There- RI = 
fore putting for A, B, C c. their Values in the ge- . 
neral Equation, we have P CxP EXP GxPg Ge. E 
=y=+ *. 24 — * 2 - 9 &t, f 
3 1 
= —2+n—2 ,nx59%—4+ 23 - 4 7 
Em | 
— - . — p3gtyn—8 Sc. that is (putting 7— 


for y, and involving) 
2 3 
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— 


2—2. 2— 
* 
2 6 


— 3 — —2. 24.2 — 
4 =. — - Tec. 


nf LR: 13 x+ 


24D — nog © . t—4 .n—0 ee. 
2 2 


1—4. 2—5 .n—0 


+ 8 Sc. 
| Ee. 
. * 
2 | = a p42 th. + yn—b 1 Se. 


Sc.. . 4 


multiply by PAXPR or rr xx, and you will have, 
PAxXPCxXPExP GxPRxPgxPexPi=r—x. 
ZE. D. 


Cor. 1. If the Semi- circumference AE R be di- FIG. 
vided into any Number of equal Parts as u; at the 18. 
Points A, B, C, D Sc. and from any Point P in the 
Diameter A R be drawn Lines to all the even Points 
of Diviſion, as PC, PE, PG. I ſay, the Product 
of PA into that of all the Squares of theſe Lines, 
PAXP C2XxXP EXP G, if z is an odd Number, or 
of PA and PR into theſe Squares, PAXP RPC 
xXPE2XP G® if is even, is =A O"—OP-». 

For if #x AC= whole Circumference, then XA 
- half the Circumference, and P c=P C, Pe=PE 

c. 

Cor. 2. If a Semi- circle be divided into » equal 
Parts, and one of them be K, and 5, f, « &c. be put 


for the Coſines of 2K, 4K, 6K Cc. to 11. K, if u 
is odd, or to 1—2. K if even; then I ſay — Xx 
r M eꝗ tx x x$Xrr—2 ux+xx, Fc. if u 
be an odd Number, or 7 NN N -T 


Xrr—2 TAN r—2ux+xx Sc. (if n be even) = 
. 


G 1 
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For let a, b, c Sc. be the Sines of 2K, 4K, 6K r. 
or of AC, AE, AG Se. then Cl=a, O Is, p! 
, A. Pr x, PR=7+x, and P C*=2 94 
Jo =4a+55—2 5x+xx=rr—25x+xx, after the 
ſame manner P F?=rr—2tx+xx, and P GZ = 
2 u ,, Sc. and by Cor Cor. I. th the Product of theſe 


into y—=x, or elſe into —xXr+x, is =r"—x", But 


| obſerve that the Coſines of Arches greater than 905 


will be negative. 


Cor. 3. Hence alſo if 4, e, f Cc. be the Sines of IK 
2K, 3K, &c. then 7 405 X pet gael 
Sc. if n be odd, 

Or y +4 1 PEEL 22 2 


if 2 be even, ne, 

This follows from the Demonſtration of this Prop. 
for 24=AC, 2e=AE, 2f=AG, Sc. 

Cor. 4. Alſo it a, b, c be the. verſed Sines of 2K, 
4K, 6K Se. 


thi if de odd, 


if u be even I 955 "2 a*x)*42bx XJ#Þ 20%, 
Sc. =" —x", For a=—— n . 
7 


7 
r 


Cor. 5. And if P be taken without the Circle at n, 
the Product of all the Lites A xnoCxnExnG &. 


er 0" —AOQr. 


For let Or: OA:: OA: OP, and let the Lines 


PC, PE e. be drawn; then Ghce = O: CO ::C0 


OP, and Angle O common, therefore the Triangles 
x O C and COP are ſimilar, and for the ſame Rea- 
ſon, EO, and E OP, Sc. Whence 2 O : CO:: 
C: PC:: 1E: PE Sc. :: R: PR:: A: PA. 


Therefore PA — . PR R PC 2e 


710 7 x 0 
rA PO=7. Whence APxPC 


x PE 


—0* ＋ 


8 


„ 
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PROP. XIV. 


If the Circumference of a Circle A E G, whoſe Dia- 
meter is A R, and Center O, be divided into any Num- 
ber of equal Parts as n, at the Points B, D, F &c. and 
the Part Bb be biſſected by the Diameter A R; and from 
any Point P therein there be drawn the Lines PB, PD, 
PF c. I ſay the Product of all theſe Lines P BXPD 
XP F Sc. thro the whole Circle is = AO" +O P». 


For let all the Parts BD, D F Sc. be biſſected in 
C, E, Sc. and PC, PE Sc. drawn, and then the 
Circle will be divided into 2 Parts, therefore 


1 | PAx PBxPCxPDxPE&c. =AO»—OP» 
8 rx PCx PES =AO"—OP" 
therefore by 0 PBX PDxPFxPRxPfxPdxPb 
Diviſion when 2 is odd, 

or PBX PDxPFxPHxPbxPfxPaxP4, 


; .  AOz7—OPz" 2 : 
when u is even, is: 5. © AO» + OP», 


Cor. 1. If the Semi-circumference, AL R be di- 
vided into any Number of equal Parts as u, in the 
Points A, B, C, D Sc. and from any Point P in the 
Diameter A R, the Lines PB, PD, PF, Sc. be 
drawn to all the odd Points of Diviſion: Then, the 
Product of all their Squares if à is even, P BNP D*« 
PE xP H; or that Product xd by PR that is 
+ N Dx PF*xPR if ꝝ is odd, is = AO“ 

For if aB B whole Circumference, then Xx AB 
Dr Circumference, and PP B, Pd P Dc. 


5 G 2 Cor. 
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| 
| 


aw a 
* - 3 — —— — ä — » - 
AE | — n 9 * m 2 — 
A p * 4 2 
- & * iy 


— 0 , n 
— r 


1 £ 
i 5 —_ —— —E[„—ö— E—üà4ä— DO 
\ * h 
, 4 


— * OS wth As 


20. 


Product will be 
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Cor. 2. If a Semi- circle be divided into any Num- 


ber of equal Parts as u, and one of them be K, and 


Ss, t, u &c. be the Coſines of 1K, 3K, 5K Sc. to 
#—1.K when is even, or to —2.K when 7 is odd. 


Then I ſay 


r 25Xþ+XX xrr— 21X+xXXTT—2ux+xx c. , 
when is even, or oF 
xu xrr — 25 X-þ XX XIT—21 x +XX XI —2uUX+xx &. 
= Aue, when x 1s odd. | 

For if a, b, c Sc. be the Sines of 1K, 3K, 5K Ec. 
then the ſame way as in Cor. 2. Pr. XLIV. will be 
found P B*=rr—25x-xx, PD* =rr—27x+xx, PF: 


=r—2ux xx Sc. whoſe Product alone, or elſe 


multiply'd by r+x, is, by Cor. 1. -*. 

If P be without the Circle as at , it will ſtill be 
1B NU DNN F c. AO ＋ O. 

For by this Prop. and Cor. 5. of the laſt; that 


On —A Oz 
IIS = O07” AO. 


I. 


F the Arch Ae of a Circle be divided into any Nun- 
ber of equal Parts as n, of which AB is one; and i 
the whole Circumference be divided into the ſame Number 
of equal Parts, at the Points B, C, D, E &©c. beginning 
at B; and if from any Point P, taken in the Diameter 
AR, ihe Lines PB, PC, PD Sc. be drawn, and 
e F be let fall perpendicular to AR to interſet it in F. 
between the Center O and R. And if A Orr, O P 
—=x, OF=b,; then I ſay the Product of all the Square: 
PB x PC2x PD2 x PE Sc. =12%þ2 br w—"x" fx 


For let A O=r=1. AP I- x, then you will 
find as in Prop, XLIV. PB LAB, PC*=5*+ 
xx AC, PDz=y*+x x A D®* &c. which multiply 
together, produce PB x PC? x PD Sc. t 
+B x*y—4++C = &c. + Fx", putting v=2,, A= 
Sum of the Squares of the Cords A E*+A ws 

. 


OO Ä 


. 


CN Wl» 


V 
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Sc. B= Sum of their Rectangles, C= Sum of their FIG, 

Solids Sc. And F= Product of them all. 20. 
Now if z be the Cord of an Arch, c the Cord of u 

times the Arch, then by Prop. XXIX. 2 - 2 -. 

22 — — — ; I. z 6 Se. =FEE- 

In which Equation, the Root zz repreſents indif- 

ferently the Square of any Cord AB, AC, AD Se. 

Therefore by common Algebra, the Sum of the 

Squares of the Cords, A B:z+A.C2+A L Sc. =», 


the Sum of their Products u. — 3 Sum of their 


) 
þ 


Solids =1X —=- _ Sc. and the Product of all 
cc. Whence we get Amy, B= , C= 
2 


—³Æ—2— — 


7 Sc. and F=cc. Conſequently P B? x 
PC2xPD® Sc. = '+Hi—= +, 4 pn 
2 2 


x #y— Fc. cc, and putting 1—x for y, and in- 
volving, we have PB* x PC2 x Þ Þ* Se. = 


puny o—_— 
I—x+». * — 6 0 be: -M x- 


2 
E 3 . 
+ vx—» cone Ob V, — . — x Se. Se. ＋ K 
1 I 2 
Sian. „e. 
2 2 1 
Sc. 
o+cex® 


Hence it will appear, by ſuming them up, that the 
Coefficients of the ſecond, third Sc. Terms are o, 
till you come to the middle Term, where you have 
cx" (the Index » being 2%; likewiſe beyond the 
middle Term they are o, becauſe the Coefficients are 

G 3 the 
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FIG. the ſame at equal Diſtances on each Side from the 


20. 


21. 


. 


20. 
21. 


Middle; whence they all vaniſh till the laſt . 

Now to find the Coefficient of the middle Term, 
it muſt be obſerved that ccx" ſupplies the Place of 
the firſt Term of the next horizontal Series; which 
Term, if it were there, then the Sum of the Coeffi. 
cients (in that perpendicular Column) would there 
alſo be =o, as before. Hence it follows that if a, 


4, 6 Sc. that the Term vx, v. — x2, _ 2g 


3 
Sc. will be wanting, reſpectively, which Term is 


2X, 2xXx, 2%*, Sc. reſpectively, and in general the 


. . »*»&» © * „ — * 
Term wanting is always Sed on OE an = of 


1.2.3. 1. 1 
=2%", Conſequently the middle Term will be found 
to be —2z * tc But c ARX A F=2+28, 
therefore — 2 2 +2b,x"=2bx" is the middle 
Term. And therefore P Bz XP Cz xP Da Sc. thro 


the whole Circle, =1+26bx" +x*", or rather 22 + 
2P—1b x2. 


Cor. x. If the Arch A e be leſs than a Quadrant, 
and F lye from O towards A; then will P B*xP C' 
PD*XxPE* Sc r- 2 brian + xn, 

This follows from this Prop. putting —+ inſtead 
of +6, as lying on the contrary Side of O. 

Cor. 2. If P be without the Circle as at x, then 
will z B*Xnx C D* &c. —=r2 +2 DPI" Tn, ac- 
cording as F falls beyond, or on this Side of O, in 
— 

The Demonſtration of this Prop. equally proves 
this, ſince the even Powers of x—1, are the ſame 
with thoſe of 1—x, and v or 2 is an even Number. 

Cor. 3. Let b= Coſine of an Arch A or Ae, to the 


Radius 7; and ==B, . „and 5, t, 1 Se. the 
Coſines of B, BC, B+2C, B+3C, Cc. to B+ 


— 1 Co 


SA 


Kc 


RT 
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71. C, to the Radius 72, x= any Quantity: Then I FIG. 
ſay, 1r—25α f M xXTrT—2 tX+xXXrr—2ux+xx Sc. 21. 
to n Terms, is - bi -x. 5 

For let a=BI the Sine of B, Sg O] the Coſine, 
then P P=BI'+P F'=2a0+5—x a t -K xx 
=rr—25x+xx, for the ſame Reaſon, P C*=rr—2 tx 
Txx, PD'=rr—24x +xx, Fc. but by Cor. 1. the 
Product of theſe is =r2"—2 - + x2". 

If A. be greater than a Quadrant, write +5 for —5, 
Likewiſe any of the Coſines 5, 7, u &c. of Arches 
between go, and 270, is negative, and therefore in 
= Caſe write 46, +#, +#« inſtead of —s, —7, —4, 

c. 
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K IL 


Plain Trigonometry, or the Doctrine of plain 
Triangles. 


LAIN Trigonometry teaches the Relation of 
the Sides and Angles of Plain Triangles, and 
how to calculate-their Sides and Angles. 

A Plain J riangle is made. by three right Lines, 
which are called it's Sides, and if one Side be per- 
pendicular to another, or makes a right Angle with it; 
then *tis call'd a right Angle-Triangle, otherwiſe tis an 
oblique Triangle. 

A right Angle is meaſured by an Arch of oo, an 
acute Angle is leſs, and an obtuſe one greater than a 
right Angle, 

Ina right Angled- triangle, the Side oppoſite to the 
right Angle i is call'd the Hypothenuſe ; and the other 
two the Legs or Sides, or ſometimes the Perpendicular 
and Baſe. 

In all plain Triangles the Sum of the three Angles 
together 1s 180 Degrees: And 1n a right Angle: tri. 
angle, the Sum of the two oblique Angles is 90“. 

When three Letters denote an Angle, the middle 
Letter is always at the Angle. 
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. I. 


be Relations, and ſeveral Proportions among the 
Sies, and Angles of plain Triangles. 


6 


„ L 


u any right angled Triangle CA B, let the Hypothe- 
mſe CA = b, and CA—CB or BD=v; then, 


2 
, 


bY + 4+ B+ = 
15729578 „ h T 2.4b r * . 


Ane AC B in Degrees; where A, B, C are the pre- 
ceding Terms. 


For with the Center C deſcribe the Arch AD, then 
Bb oro is the verſed Sine of the Arch A D, and 
Radius þ, therefore (by Prop. XIV. B. I) Arch AD= 


: 72 A 23% B+ — Ce but as half 
8 3.45 5.8h 7.12b 


the Circumference 3.141594 : 180 Degrees :: AD: 

EY Degrees in the Arch A D= 22295779 

3-14159 5 

*A D, that is, 4. A CDS DNN bt, A : &c. 
5 3.450 


257.2937 V4 A+ 32 Be. 
$1-2957 v7 * — Ar = Se 
Cor. 1. As the Sum of the Hyp. and * longer Leg, 
A C+zCB: TA 
To 86:: . 
So the ſhorter Leg, AB: 
To its oppoſite Angle C, nearly. 
Let C B, and A Bc, a=/2_C in Degrees, then 
by the Nature of the Circle cg . - 


25% b5 Ec. by Evolution. Then by this Prop. a= 
2 


FIG. 


Is, 


" 8 WE. ALS 


— . — 


9 
— * 


go 


© 0 — 
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FIG. 35.3 NO U „ 1 . 
_ * 20 E 2 hu: nearly, multiply this E. 


quation by the former, and you have a: 2h 
2 ** by= — X :4/2 2 v2 bv, and dividing 


— —¶ùU⅛ nn —— 


n 3 36 
by bo, a & II And — * 


hb 
= 
=aX——— (by Diviſion) a X1— = Se. 
5 3 
125 * 
5 35— h—h4+b _ 2þ+b 
a * FT: * =4 X 7 » Whence 


SCHOLIUM. 
If c=1.2=57.3, then 1 86, and by Cor. 1. 


740 12 44, and 25. Cb, and b=37 —; | 


2 
23 VDP 


„ whence = 2b=vþb—1, this E- 


quation reduced gives, 5 _ A 2 Whence 
— = —2þ; which is Forſter's Rule. 


PROP. II. 
If any right angled Triangle CAB, let a= Degret 


in the leſſer L C, 12. Then 
_ 57-29578 - 
'F | 


di 


B. 


| = 
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As the Hypothenueſe, CA: 

To the adjoining Side C B. 
where A, B, C Sc. are the foregoing Terms, with 
their Signs. 


For let Radius C A or C Db. Arch A D=z, then 
— = mb, and by Cor. 1. Prop. XII. Co- 


4 or. 1, I” a be the leſſer Angle, in Degrees, then it 


will be, 
. 3:1 :: Hy. CA : op. fide AB, 
nearly. 


For let #=57.3, then CB*=hh—22 = Se. 
and AB*=C A*—C wm and extracting the 


16 mh @ 4, and 
Root, 3 ba Ax, 85 


dividing both Sides by - — —— ABN 


217 = 

5 23 21:34. 32_ x: AB. 1 
4 bo 

Cor. 2. If a be the leſſer Angle in Degrees, then 


1 AH. ; 1 f 
e Hyp. CA : adjoining Side 


BC, nearly. 


— — — 


For C B=C Ax 1 CA X1— = =CAX 
2 2u1 


1.52 4a | 
10000 SCHO- 
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SCHOLIUM. 
Let g=90?, y=q—a, then ſince CB S CA x 


1 22, by Diviſion CA=C B14 2, and CA 


2 un 3 
Xy —=C Bxy+==. But 22 82 3224 ana 
| E . 

9 i : 


111 


Sc. 292 ＋ 34. Therefore CAXy=CBxy+ 2 


300 T3 
nearly, which is Wilſon's Rule. 

Since in a right Angled-triangle, the Square of 
the Hypothenuſe is equal to the Sum of the Squares 
of the Sides. And in any Triangle, the Baſe is to 
the Sum of the Sides, as their Difference to the Dif- 
ference of the Segments made by a Perpendicular. 
Therefore by theſe and the two foregoing Propoſitions 
and their Corollaries, all the Caſes of plain Triangles 
may be reſolved, without any Tables whatever : Di- 
viding oblique Triangles into two right angled ones, 
by a Perpendicular let fall from the End of a given 
Side and oppoſite to a given Angle. 


or. Ik 


In any right angled Triangle CA B, any one of the 
three Sides being made a Radius; and a Circle deſcribed 
from the End of it as a Center ; then the other Sides will 
repreſent Sines, Tangents, Secants, &c. of the reſpetiive 
Angles : Then it will be as any Side; to what it repreſents 


in the Table : ſo is any other Side, to what it repreſents 
in the Table. | 


Deſcribe the Arches AD and BE, from the Cen- 
ter C, then if CA be made Radius; A B will be the 
Sine, and CB the Cofine, of the Angle C. And 
if CB be made Radius, AB will be the Tangent, 


and CA the Secant of the Angle C. And becauſe the | 


Sines, 


Hed AG, = Þ 4 . « e Y 
PPP P 


A Hell 
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Sines, Tangents &c. of any Angles may be found in FIG. 
the Tables, therefore when any Triangle is propoſed, 1. 
there may always be found a ſimilar one in the Ta- 

bles ; and conſequently the Sides about the equal An- 

gles are proportional. Therefore it will be, 

SER $C::5.C AB:: CEC CH. 

and Rad.: CB:: Tan. C: AB:: Sec. C: CA. 


r. 


In any right angled Triangle CDF, 
As the Sum of the Hyp. and one Side, CEE D: 
Radius:: 
So the other Side, C D: | 
To Tan. half the op. Angle CED. 


2, 


Produce DE to B, ſo that E B=EC, then B 
=Z_ BCE, and Angle DEC C BEBE C=22 B. 
But in the Triangle C D B, by Prop. III. it is as DB: 
Radius:: CD: Tan. B, that is DE+EC : Ray. : : 
CD: Tan. 4 E. 


Ot. 


The Sides of any Triangle, are proportional to the Sines 3. 
of their oppoſite Angles, AB: S. F:: AF: S. B:: FB 
18 


- . 


RR Nom 1 um Pe s 


AST. 


On AB, A F let fall the Perpendiculars FH, Bb; 
then by Prop. III. AF: FH:: R: SA 
Fx FB; 38: 
therefore ex equo, AF: FB:: S. B: S.A. 


Again, 
:::: 
and B55 : BF :: SF: R 
and ex equo AB: BF :: SF: SA. 
Gor. 1. If a Line A D be drawn from the Vertex 4. 


of any Triangle cutting the Baſe ; the Rectangle of 
the 


& 
" =p 
of 
4 
A 
be 4 
* 
Bb 
— 

1 
* 
* 
% 
75 
I 
v 
4 
; 
*\ 
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the Sides and Sines of the vertical Angles, are directly 
as the Segments of the Baſe. 


For S. CDA: CA : : S. CAD ü he "a 
And S.CDA or BDA: AB:: S DAB: DB 


A BKS. DAB : OY 
5 therefore CD: DB:: C Ax S. CAD 
: ABXSDAB. 

Cor. 2. If in a Triangle two Sides A C, CB, and 
the Angle A oppoſite to the leſſer Side C B, be given; 
the Angle oppoſite to the greater may be either leſs 
or greater than a right Angle ; alſo the Baſe and it's 
oppoſite Angle, will have each of them, two ſeparate 
* Therefore the three Things required are 
ambiguous. 

For make C DC B, then _ C DB = B, and 
there are the two Triangles AC B, A CD, wherein 
two Sides and an oppoſite Angle are given the ſame 
in both; therefore the other three things may be found 
in either Triangle; for the Angle oppoſite to A C 
may be either B or it's Sup. ADC, and the Baſe may 
be either A B or A D, and it's op. Angle may be 
either ACBor AC D. 


We. VL 


In any Triangle A B C, 
As the Sum of any two Sides B CAB: 
To their Difference BC—AB :: 


Tan. half the Sum of their 0p. Angles, Tan. 2+ 


Tan. half their Difference, Tan. ——ĩ 


Make B DB A, and draw A D, and BFG to 
it; likewiſe FE AC, then will A F=FD, _ 
E C. 


£ > ns RATS * or a 4 
My 2 3 i e 


N 


** ed 
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EC, The ZA F=BAD+BDA _BACEC FIG. 
+”: $91 27 : 


and Z/GAF=BAC-BAF=BACT 


2 

The Triangles BFE, B G C are ſimilar, whence 
BE: EC:: BF: FG. But AF: R:: BF: Tan. 
BAF: : FG: Tan. FAG, or BF: FG:: Tan. 


BAF: Tan. FAG. Conſequently BE or Ne 
E C or kn 


TED» A 2 2 1 * — n 5 
2 3 << - 7 


:: Tan. BAF: Tan. FAG. 


Otherwiſe. 


BC: BA:: S. A: S.C. and BCB A: BC— 
B A:: S. AS. C: S. A—8S. : : (by Cor. 1. Pr. VII.) 
Tan. AFC Tan. —. 


2 32 


«tee ·˙ * be. 
2 N 


— 


Note. Inſtead of the Tan. half the Sum of the op. 


Angles, you may take the Cotangent of half the included 
Angle, which is equal to it. 


Cor. 1. As the Baſe CA: 
Sum of the Sides, C BB A:: 
So diff. Sides C D: 


Diff. Segments of the Baſe made by a Perpen- 
dicular : : 


So Col. + Sum op. Angles, or S. + the vertical 
Angle : 
Col. 3 diff. op. Angles, cr Col. + diff. vertical 
Angles, made by a Perp. 

For ſince D F=:DA, F E= AC; and in the 
Triangle FB E, FE: BE:: S. FB D or Cof. BDF 
8. B F E or GF E or Coſ. DFE. But DFE or 
DA C=BDA—C=BA D-<L, and 2 DAC 


BAC—C, alſo * B= Comp. 2 and AC 
diff. vert. C S made by a Perpendicular, 


4 * * = 2 ery; 
— - as Ln” — Ie ©... 
4 . Ä * 


— —— — 


Likewiſe 
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FIG. Likewiſe it is evident from Geometry, that CA: 
6. CB+BA:: CD: diff. Segments of the Baſe, Sup. 
poſing a Circle deſcribed with Center B and Radius 
B A. See Eucl. III. Prop. XXXVI. and Cor. 
Cor. 2. As the Baſe C A: 
Difference of the Sides CD:: 
So Sum of the Sides CBB A: 
Diff. Segments by a Perpendicular : 


* 
A—C 


So Sine half Sum op. Angles, 


Sine of half their Difference, 


Far i in the Triangle ADC AC: 'D C:: S. ADB 
SD. 
Cor. 3. As Square of the Baſe AC“: 
Difference of the Squares of the Sides, B C'— 
B A*: 
S. Sum op. Angles, A+C: 
S. their difference, A—C. 
For by multiplying the two Proportions in Cor. 2 


and ij. n WOO :: Col, 
xs. A+. cor AC 


57 2 
LU) SAFT: S. A=T. 


A 
ger. MI. 


F. In any Triangle A F B, 
| As twice the Rectangle of the Legs, 2A F XFB: 
Sum of Squares of the Legs — $ Rare Baſe:: 
dius: 


Cof. vertical Angle, F. 


On FB let fall the 8 AC, then by 
Prop. XIII. Euci. II. A B'. B Fx CFA F*+FB, 
and 2B Fx FC F*+F Bz—A BA. But by Prop. 
III. AF: FC:: Rad: Coſ. F. And * 


8 : : : (by Cor. 3. Pr 


| th 
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the two firſt Terms by 2FB, then will 2A Fx FB: FIG. 
2BEXFC or AFP BA B* : : Rad : Coſ. F. 7. 


Gr. 1. Hence theſe are reſpectively proportional, 
As twice the Rectangle of the Legs: 
Rectangle of the Baſe + diff. E and Baſe 
— diff. Legs : 
Rectangle of the Sum of the three Sides, and 
Sum Legs — Baſe : ; 
So Radius : 


Verſed Sine of the included Angle : 
Verſed Sine of the Sum of the oppoſite Angles. 
For let m=A F, x=BF, þ=AB, then by this 
=_ 
of Coſ. F :: zm: mm4n1n—bb ; and by Com- 
poſition, 
r:r+ Coſ. F:: 2mn: 2mn+mmkun+bb, 
that is by Schol. Prop. J. 
ß verſ. Sup. FJ __ _ ET "—bb=mbn+bxmn—b 
5 oat * g ET == mr Il. 
Cor. 2. From half the Sum of the three Sides, 
ſubtract each Side ſeverally, and note the three Re- 
mainders. Then | 
As half the Rectangle of the Legs: 
To Square Root of the Product of this half Sum 
and the three Remainders: 
So Radius: 
Sine of the vertical Angle. 


For let mn, v= verſ. F. V= ws Sup. F. 


Then by Cor. 1. 
72 B, $—=21X5—2 , and v 
2 2 nn 
— — X5—20 And by Schol. 
2 MN 2m n 


| Prop. I. 


H Vo 


FIG. 
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Vo SFA. - 2bX—2 MX5—2 2 — ar * 
2MN | mn 
5 
—A 
* 2 


Cor. 3: As the Rectangle of the Legs: 
Radius Square : : 
So the Rectangle £ Sum 3 Sides — one Leg, and 
| that £ Sum — other Leg: 
Sine Square of half the vertical Angle:: 
And ſo the Rectangle + Sum 3 Sides, and that 
| zSum — Baſe : 
Coſine Square of half the vertical Angle. 
For multiplying the three laſt Terms in Cor. 1. by 


zr; then 2mn : b+m—nXxb+n—m : X-: yr. 


$S—2b $—29,,$—24u 
X X 7 
2 2 2 


2 F 
: Coſine“, of F. And hence alſo follows. 
Cor. 4. As four Times the Rectangle of the Legs: 
To Radius Square : : 
So Rectangle of the Baſe ＋ diff. Legs, and Bal: 
— diff. Legs: 
Sine Square of half the vertical Angle : : 
And ſo Rectangle of Sum Legs ＋ Baſe, and Sum 
Legs — Bak: 
Coſine Square of half the vertical Angle. 
-Cor. 5. Rectangle of Sum of the three Sides, and 
Sum Legs — Baſe: 
Rectangle Baſe + diff. Legs, and Baſe 2 diff. 
; | gs :: 
Radius Square : 


Tangent Square of half the Angle at the Vertex. 


This follows from Cor. 4. becauſe Coſine: Sine: 
Rad : Tangent, by Prop. I. B. I, | 


SCHO- 


t] 
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SCHOLIUM. 


Inſtead of the Rectangle of the Legs, you may 
take a Quarter of the Rectangle, of the Sum + the 
Difference of the Legs, into the Sum — diff. Legs; 
which is equal thereto. 

Likewiſe inſtead of half the vertical Angle, you 
may take the Complement of halt the Sum of the op- 
polite Angles, which is alſo equal to it. 


dect. I. 


PROP. VIII. 
In any Triangle AFB, I ſay 
AB-AEFXOfA.cA.;:AF; Tan. oppoſites B. 


Rad. 


For let fall the Perpendicular FR on the Baſe; 
then in the Triangle AFR, Rad.: AF::SA: FR 
—AFX 8. A. AF Cof. A 


. Col. A: AR= - And 
BR=A B— AX A ca. BY BA: FR 
ANDES; Tan, B or BR: S. A:: AF: Tan. B. 

cm. of: AETAPE Z — CA. PB. 
For F B*=A B*+ A Fz—2A BXAR. 
Pp R OP. IX. 


In the Triangle A F B, draw FR perpendicular to 
the Baſe, and make BR=RD; then 
As the Baſe, AB: 
To the Difference of the Segments AD: 
So Sine of the vertical Angle F: 
70 Sine of the 4 vert. Angles, or S. diff. * 
at the Baſe B, A 
a Fare AB: SAE; PB or FD S. A:: AD: 
And LB—LA=ZF DB—ZA=ZAFD. 
H 2 PROP. 


Fa 
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FIG. 
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PROP. X. 
As Cof. diff. Angles at the Baſe — Coſ. Sum: 
Sine of the vertical Angle: 


So Perpendicular : 
Half the Baſe. 


For let ADE be the Triangle, D P the Perpen- 
dicular, C the Center of the circumſcribing Circle, 
draw E C G perpendicular, and D F parallel to A B. 
Sc. the . ECB (S2 E B A) is the Sum of the 
Angles A, B, whoſe verſed Sine is E G. and E CD 
or 2 EBD is the Difference of the Angles A, B, whoſe 
verſed Sine is EF; therefore the Difference of theſe 
verſed Sines, or the Difference of the Coſines is FG 


or DP. Alſo GCB or ADB is the vertical Angle, 


whoſe Sine is GB. And therefore DP: GB:: diff 
Coſines: S. vertical Angle. N 


Cor. As Sine of the diff. Angles at the Baſe: 
Sine of the vertical Angle :: 
Diſtance of the Perp. from the Middle of the 


Baſe: 
Half the Baſe. | 
For FD is the Sine of the Difference of the Angles, 


A, B, and FD or GP: GB:: S. diff.: S. ver. 


Angle. 


| PROP. XI. 

A Radius: v7 . 
To Sum of the Cotan. half the Angles at the Baſe :: 
So the Perpendicular : 
To Sum of the three Sides. 


Put FR=p, Radius r, then by Prop. IV. Tan. 


TFA:r::r:CotiA::p;: AFA R 
and v: Cot. 2B: : : B FB R 


whence A Fah FNAB E 


PROF 


wy = Hy = © 
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PROP. XII. 
In a right angled Triangle A CB, FIG. 
As Radius : 10. 
oe of double one acute Angle, A or B: 


e of the Hypothenuſe : | 
our times the Area. | 


Draw CD+AB, and biſſect the Hyp. AB in E, 
and draw E C, then A E=E C=E B, becauſe ACB i 
may be inſcrib'd in a Semi- circle; ; then by ſimilar 1 

AQ BO 
Triangles, AB: BC :: AC: CDP N Al- | 
o Z CED SZ BIT BCE=2B, and CE B=2A. 
Therefore by Prop. III. as Rad: CE or AB:: S. E | 


Cb, or Rad: SE::2AB: CB. AB 


AD 
* 7 B or the Area of the Triangle. 


| 
PROP. XIIL | 
| 


As Radius : 
To Sine of any Angle of a Triangle, A:: 


$0 half the Reck. of the including Sides, — 
To the Area of the Triangle. 


For the Area of the Triangle AFB is <A BXFH, 


but Rad: AF::SA:FH= ED, therefore 


t 
the Area = * * — — | | 


S 


Nr. 


As Cof. diff. — Coſ. Sum of the Ale. at the Ba 
Sine of the vertical Angle: ** 9 


So the Square of the Perpendicular: 
To the Is of the Triangle: 


H 23 And 


+ le _ i RS 
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FIG. And ſo the Area of the Triangle: 
9. To the Square of half the Baſe. 


For by Prop. X. Col. B—-A— Col. BTA: S. D:: Tru 
DP:GB::DP*: GBxDP, the Area:: GBxDP the 
: GP, 


| P-R O P. XV. 4 
| 3. In any Triangle, 

As Radius: | 
| Tan. half the vertical Angle : : f 
| Rett. of half the Perimeter, and that half — Baſe: 6 


To the Area of the Triangle. 
For, let =S. AFB; c, ft, r the Coſine, Tangent. tw 
and Cotangent of half AFB, m=A F, u F B, AB 


| * „ mus _ 
7 =b, 2=———= Then by Prop. XII. — li 


j 2CC_ 2cc>t bil 
| Area, but by Sch. Prop. II. B. I. =, | or 
therefore ——.— = Area. And by Cor. III. Pr. VII. th 
| — in 
m uc c E x2, therefore —.— t= Area, p. 
Cor. As Radius: : 
Cotan. half the vertical Angle : : 
So Rect. Baſe diff. Sides, and Baſe — diff. Sides: 
Four Times the Area of the Triangle. 
= For if- a=S. 4 Angle F, then by Sch. Pr. II. B. I. Pi 
| === = 2927, and the Area = , — 7 
| 4 Fr Fr 2 3 "a 
| 25 by Cor. 3. Prop. VII. mna*=2—mx2z—7n x 17 = 
0 EE x * — 2 J therefore the. Area = 15 
| - b4m—n . a 
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PROP. 
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PROP. XVI. 


If three Lines be drawn from the three Angles of a 
Triangle to any Point O, the product of the Sines of all 
the alternate Angles will be equal. 


Let the Sines of the Angles be as in the Figure, 
then in the Triangle 


—_— i: 70:07 
—_— ..::.46. :: 0: 0 theſe multiply'd 
_ HOP, c : :: PO: HO | 
dec: fdb:: IOx HOx PO: POxIOx HO. 


but the two laſt Terms are equal, and therefore the 
two firſt, aec db. 


Cor. 1. If two Angles, P, H, are biſſected, by the 
Lines PO, HO; then the third Angle I will alſo be 
biſſected. For ſince ace df, and a , and c=4, 
or ac=bd, therefore e; and the contrary. 

Cor. 2. Hence alſo three Perpendiculars erected on 
the middle of the three Sides of a Triangle, interſect 
in one Point. And the contrary. 

For if two Perpendiculars be erected on two Sides 
PH, IH, then will Sc, and d=e, whence a=f, 
— the Perpendicular ſtands on the Middle of 


SC HOLIUM. 


If the Point O, be taken out of the Triangle, this 
Prop. will hold equally true. 


PROP. XVII. 


If four right Lines be drawn from the four Angles of 
a Trapezium, to any Point in it as O; the Produits of 
_—_— of the alternate Angles, will be equal to each 
0h, 9 ; 
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13. 


In the Triangle þ 
:: 80 : PO 
e: & :: PO 


DO: 4 :: HO : 10 
rr: 10 : SO 
their Product | Dy 


aceg : hbdf :: SO.PO.HO.IO : PO.HO,10.S0, 
therefore 
aceg=bbaf. 


Cor. 1. After the ſame Manner, if Lines be drawn 
from all the Angles of any Polligon whatever to a 
Point; the Products of the Sines of the alternate 
Angles will be equal. 

Cor. 2. In any Trapezium, let a, b, c, d Sc. be the 
Sines of the Angles, as in the Figure; then 

As bbd-ace : 
hb bd—ace:: | 


Tan. half the Sum of the Angles IS = 


— 


Tan. half the Difference IS = IP : 


For ſince aceg=bbdf, therefore ace: hd: f. x 
: SO: TO, and by Compoſition and Diviſion, þ44 
race: hbd—ace : : JO+SO : IO—SO :: (by Prop. 
VI.) Tan. SOFA . Tan, 22S 

5 * 


2 


SECT. 
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wa III of TRIGONOME TRY. 


r. 
The Solution of all the Caſes of plain Triangles. 


— — 


c 


From the foregoing Propoſitions, all the Caſes of 
plain Triangles may be reſolved. Every Triangle has 
6 Parts, 3 Sides and 3 Angles ; and any three Things 
being given (except the 3 Angles) the other 3 may be 
found; but if only 3 Angles are given, there may 
be found an infinite Number of Triangles, that will 
have theſe three Angles. I ſhall here give the Solu- 
tion of right Angled-triangles 3 different ways, viz. 
arithmetically, logarithmically, and algebraically : 
and that of oblique Triangles, logarithmically and 
algebraically. For it is needleſs to ſpend time in 
ſolving theſe arithmitically; ſince any oblique Angled- 
triangle 1s divided into two right ones by a Perpendi- 
cular, and then they are reſolved by the Caſes of right 
Angled-triangles ; this Method is true to 3 or 4 places 
of Figures, and is ſufficient in common Caſes. I 
have alſo omitted their Solution by Projection and 
inſtrumentally, as being only Approximations to the 
Truth; and they are beſides ſo cafiy in themſclves, 
to any body that can but handle a Pair of Compaſles, 
as to need no particular Explication. I ſhall only ob- 
ſerve in general, with Regard to Gunter's Scale, Ec. 
That any ſimple Proportion may be. wrought on it 
by this general Rule. | 

Extend the Compaſſes from the firſt Term to one 
of the Means, on its proper Line; that extent, ſet the 
lame way, upon its proper Line, will reach from the 
other Mean to the fourthTerm required; where Radius 
is the Sine of 90o?, or Tan. 45*. If, in extending upon 
the Tangents, the Compaſſes reach beyond the End; 
ſet ĩt ſo far back as it reaches over. 5 

ow 
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Now according to the different Variety of things 
given and ſought, the Solution of Triangles is divided 
into ſeveral Caſes as follows; in which I have only 

ut the eaſieſt Solutions. They that require more may 
conſult the Propoſitions, from whence they are de- 
rived. I have added no numerical Examples, becauſe 
any body can add and ſubtract, according to this Rule. 

Add the Logarithms of the fecond and the third 
Terms together, from which ſubtract the Logarithm 
of the firſt Term, and the remainder is the Logarithm 
of the fourth Term ſought, where Radius is 10. 

But in algebraic Solutions you muſt uſe natural 
Sines, Tangents Sc. and they muſt be actually mul. 
tiply'd, and divided, and here Radius is 1. 


Note, In right Angled-triangles if one acute Angle 
is given, the other is found by ſubtracting this from 


90. 


And in oblique Triangles, if 2 Angles be given, 
the third is found by ſubtracting their Sum from 180. 
or ſubtracting one from 180 gives the Sum of the 
other two. | 

In ſolving any of the Caſes, it will be proper for 
diſtinction's ſake to mark what is given with a Daſh 
(Y, and what is ſought with a Cypher (o). 


S 
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NN 


9 


Right 


H. / TRIGONOMETRV. 


Right angled plain Triangles. 


CASE I, 
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An Angle C and the Hypothenuſe B C, being FIG. 


giren; to find a Side, B A. 


I. Arithmetically without Tables. 
Let D= Degrees in the leſſer Angle; then 


$734 3D .1:: Hyp. BC : leſſer Side C A. 


1000 
or 1: 1—2Z .; Hyp. BC : greater Side BA. 
10000 


IL Logarithmically, by the Table of artificial Sines Sc. 
Rad: Hyp. BC : : S. an Angle C: op. Side B A. 


III. Algebraically, by the Table of nat. Sines &c. 


| Let Hyp. B Cb, nat. Sine of CS, Rad. then 
1:5: : 5: sþ=BA. | 


—— 


CASE II. 


Given an Angle B or C, and a Leg; to find the 
Hypothenuſe, BC, 


I. Arithmetically. 
Let D= Degrees in the leſſer Angle, then 


. 57-34. 3D... BC. 
© yt > © eller Side A. C Hyp. B 


— —„ 


or 1 11 D f:; greater Leg B A : Hyp. BC. 


10000 


II. Logarithmically. 
8. Angle B: oppoſite Side C A : : Rad: Hyp. BC. 


III. Alge- 


14. 


14. 
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III. Algebraically. 


Let 5s=S.B, p=AC, then © = Hyp. BC. 


Book II, 


— 
. 


* 2 


CASE III. 


Given an Angle, and a Leg CA ; to find the 
other Leg, B A. 


I. Arithmetically. 
Find the Hyp. B C, by Caſe II. then V/BC'=CF 
= BA. 
II. Logarithmically. 


Rad: one Leg CA:: Tan. Angle C: op. Side BA 
| ITI. Algebraically. 
Let S.C=s. S.B=c, Tan. Ct. C Amp, then 


p B A, or E BA. 


n W » — 
. 


CASE IV. 
Given the Hyp. BC, and a Leg CA; to find an 
Angle B, or C. 


I. Arithmetically. 
Find the other Leg, BA, by Caſe V. then 
As Hyp. BC+ 3 the longer Leg BA : ſhorter Leg 
CA::86:0p. Angle B, and B taken from go gives C 
II. Logarithmically. 
As Hyp. BC : Rad:: given Leg CA : S. op. An- 
gle B, and B taken from go gives C. 
III. Algebraically. 
Let Hyp. BC Leg C AE, then 5 =5.B, a! 
go—B=C. CA SE 


th 


tal. 7 TREGONOMETRY. © 
CASE v. 
Given the Hypothenuſe B C, and a Leg CA, to 
find the other Leg BA. 


I. Arithmetically. 
SBC—CA*=BA. 


II. Logarithmically. 


Take the Sum and Difference of the Hyp. BC, 
and given Leg A C, add their Logarithms together; 
half the Sum 1s the Logarithm of the Side required, 


AB, 
III. Algebraically. 
Let B C, CA=p, then /þþ—pp=BA._ 
Or let BC+AC=z, BC—AT—4, then /dz=BA. 


1 


— a6 


CASE VI. 
The Legs A B, A C, being given to find an Angle, B. 


I. Arithmetically. 
Find the Hyp. BC by Caſe VII. then as Hyp. - 
+ half the longer Leg, B A: leſſer Leg C A: 
Angle op. B. 
II. Logarithmically. 
As one Leg AB: Rad:: other Leg AC : Tan. B, 
the op. Angle. 


III. Algebraically. 
Let AB=b, AC=7, then 5 — Tan. B or * 
228.5. 


\bb+pp 


At. 
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514 — 
CASE. VII. 
The Legs AB, A C being given; to find the Hy- 
pothenuſe B C. My 
I. Arithmetically. 
VAB*+A C*=BC. { 


| II. Logarithmically. 
Find the Angle B by Caſe VI. and then the Hyp. 
B C by Caſe II. | 
III. Algebraically. 
Let A B=b, A Cp, then /4b+pp= BC. 


ES ˙· 4 ' 


Osligue 


$4.1]. f TRIGONOMETRY. 
#.. 
4 _ Oblique plain Triangles, 


— * 
. * —— 


* 


n ASH | 
Given two Angles A, B, and an oppoſite Side, FB; 
to find the other oppoſite Side A F. 


I. Logarithmically. 


S.one Angle A: op. Side FB :: S. the other 
Angle B: to its oppoſite Side A F. > 


II. Algebraically. 
Let A, 5=S.B; FRA then 7 2 A F. 


— 9 
n. 


#GASE, I. 


Two Sides AF, FB, and an oppoſite Angle B 
being given; to find the other oppoſite Angle A. 


— — —————— 


I. Logarithmically. 
One Side AF: S. its op. Angle B:: other Side 
FB: S. of its op. Angle A. 
If the given Angle B is obtuſe, or if its oppoſite 


16. 
17. 


Side A F be greater than the other Side BF, then 


Angle A ſought is acute; otherwiſe *tis doubt ful: 
And the Sum of A and B taken from 180 gives F. 


II. Algebraically. 
 Lets=S.B, A Fc, F Bd, then 7 2 S.A. 


CASE 


16. 
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CASE i 
Two Sides A F, FB, and an oppoſite Angle B, 


17. given; to find the third Side A B. 


15. 
16. 


the Angle F will be had. Then 


B the greater Angle, and 


I. Logarithmically ly, 
Find the Angle A by Caſe: ond, and then 


Ind A B by Caſc I. 


II. Algebraically. 
Let A Fc, B F=4, S.B=s, Coſ. B=m. Then 


dm+vVcc—55dd=AB; + if Z A is acute, and — if 
obtuſe. Where note, if B be obtuſe m will be negative 


8 8 . 
— EET rr ONIDD 
— — 


CASE 1V. 
Two Sides AF, FB, and the included Angle F, 


urn. 


being given; to find the other Angles, A, B. 
diff. AF 
PB: Tan, half the Sum of the op. Angles E 
Tan. of half their diff, =, then +2 + BoA. 


I. Logarithmically. 
As Sum of the Sides AF+FB + th 


2 


B4A — B * 
2 


er Angle. 
I. Algebraically. 
Let AB=, BF=4, x=S.F, y= Coſ. F. Then 


— = Tan. A, ad e, Tan. B 
n &. and 2 


Vdd cc zd .. © dd c- de 
= Col. B. 22 T : 


FIR 


W 
— E — — 


CASE 
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| FIG. 
CASE V. 
Given two Sides AF, FB, and the contain'd Angle 15 
F; to find the third Side A B. 1 
| 7 
I. Logarithmically. 
Find A or B by Caſe IV. then A B by Caſe J. 
II. Algebraically. 
Let A F=c, B Fd, y= Col. F. Then 
ccc = AB. 
See allo the Corollaries to Prop. VII. 
CASE VI. 
| Three Sides given, to find an Angle F. 18. 
I. Logarithmically. 


Let fall à Perpendicular BD, on a Side adjoining 
to the Angle ſought, then as Baſe AF: Sum. Sides 
AB+BF :: their diff, AB—-BF : AD—DF the 
diff, Segments, then + Baſe A F + diff. = greater 
Segment, and + Baſe A F—2 diff. = leſſer Segment. 
Then there 1s given BF, DF to find F by Caſe IV. 
of right angled Triangles. Alſo ſee Prop. VII. and 


Cor, 


II, Algebraically. 


| ccd —bb 
LetAF=c, BF=d, ABI, Ithen — g CoH. 


AF BF, * 5.25 r. 


2c 
See alſo the Gee to Prop. VII. 
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In the Solutions of Plane Triangles there are three 
Caſes, where the Thing ſought requires two Operati- 
ons, 1. When two Legs of a right angled Triangle 
are given to find the Hypothenuſe, 2. When two 
Sides and the.included Angle, in an oblique Triangle, 
are given, to find the third Side, 3. When two Sides 
and an Angle oppolite are given, in an oblique Tri- 
angle, to find the third Side. 
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The Doctrine of the Sphere and ſpherical Tri- 
gonometry. | 


* 2 PY —_— r K lt a. —_— 4 4 — 


wn 


DEFINITIONS. 


1. OPberical Trigonometry, teaches the Properties of 
ſpherical Triangles, and how to calculate their 
Sides and Angles. 

2. A Circle of the Sphere is that which is made by a 
Plane cutting the Surface of the Sphere. If the Plane 
paſs thro the Center, tis a great Circle: If not, it is 
a lefler Circle, | „ 

3. The Pole of a Circle is a Point on the Surface of 
the Sphere equidiſtant from every Point of the Circle. 
Every Circle has two Poles, diametrically oppoſite to 
each other. | 

4. A ſpherical Angle is the Inelination of two Cir- 
cles of the Sphere to one another, interſecting in a 
Point call'd the angular Point. 

5. Arigbt Angle is go Degrees; an acute Angle is 
leſs, and an obtuſe Angle greater than a right one. 

6. A ſpherical Triangle is made upon the Surface of 
the Sphere, by the ä of three great 

2 
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If one Angle be right, tis called a right angled ſphe- 
rical Triangle. If one Side be a Quadrant tis called 
a quadrantal Triangle. If no Angle or Side be gf, 
tis an oblique Triangle. 

7. In a right angled Triangle, the Side oppoſite to 
the right Angle is called the Hypotbenuſe; the other 
two are called Legs or Sides. 

8. In a right angled ar quadrantal Triangle, the 
five circular Parts (ſetting aſide the right Angle or 
quadrantal Side) are, the two Parts adjoining on each 
Side the right Angle or quadrantal Side, and the 
Complements of the three Parts which are furtheſt 


diſtant from it. The middle Part ts that which is e- 


quidiftant from other two; which two if they adjoin 
to the middle Part are called extreams conjunct; and 
if they be remote from it, are called extreams disjunt?. 

9. Sides and Angles are ſaid to be of the ſame Aﬀec- 
tion, when both are greater, or both leſſer, or both 


equal to 90. And they are of different Affection, if 


one is greater and another leſs than go?. 
10. Like or ſimilar Arches of different Circles are 
thoſe that contain the ſame Number of Degrees. 


into two equal Parts, 


Sect. I. of TRIGONOMETRY. 


T. '£ 
The Properties of ſpherical Angles and Arches. 


— 


or. 1. 
The Section of a Sphere and a Plane is a Circle. 


Let BIC be the Section, and let the Plane of 
the great Circle A B C D be drawn thro? the Center 
E of the Sphere, perpendicular to the Plane BIC, 
and let BH C be their common Interſection. Draw 
E H perpendicular to B C, then BH H C. Take 
any Point I in it, and draw HI, I C; and alſo BE, 
CE. Since E H is perpendicular to B C, and in the 
perpendicular Plane AB CD, therefore *tis perpendi- 
cular to the Plane BIC, and therefore to HI. But 
BE, CE, I E are equal Radii of the Sphere; there- 
fore in the right angled Triangles BEH, IE H; 
B Hz HEZ =BEz=IFza HEATH E=, therefore 
B H*=H I», and B HH I, therefore BI C is a Cir- 
cle whoſe Center is H. 


Cor. 1. If a great Circle AB CD be perpendicular 
to any other Circle B I C it paſſes thro? its Poles. 

For ſince it is prov'd that H is the Center of the 
Circle BIC, and E H perpendicular to it, produce 
EH to P which will be in the Plane of the Circle ABD, 


becauſe EH is in it. Draw the great Circle PI, then 


ſince the Sines B H, HI, HC are equal, therefore 
the Arches belonging to them BP, IP, C P are equal, 
therefore P is the Pole. And if PE was produced to 
the other Pole, that Pole will alſo be in the Plane of 
the Circle AB C. 

Cor. 2. If a great Circle A B C paſſes thro' the 
Pole P of another Circle, it cuts it at right Angles and 


I 3 For. 
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FIG. 


19. 
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FIG. 
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For draw P E to cut the Circle in , then is H 
the Center, and PH perpendicular to its Plane, and 
conſequently EH and the Plane ABCD are perpendi- 
cular to it. And ſince the Center H is in BC, the 
common Interſection of the Planes; therefore BI C is 
a Semicircle. 


PROP. I. 


All great Circles of the Sphere cut one another into 
two equal Parts. 


For the common Section of their Planes is the Dia- 
meter of the Sphere, and conſequently their Segments 


are Se micircles. | 


Cer. 1. Any Side of a ſpherical Triangle is leſs than 


 aSemicircle. 


For ſince A D C or AB C is a Semicircle, therefore 
in the Triangle ADB, AD or A is leſs than a Se- 
micircle. | X 
Cor. 2. If two Sides of a ſpherical Triangle AB D 
be produced, till they interſect in C, each will become 
a Semicircle. 


PROP. III. 


If one or more Circles inter ſect another Circle in one 
and the ſame Point C; the Sum of the Angles ACE, 
ECD is equal to two right Angles. | 


Let the Arch EC interſect A D in C, and draw 
CB perpendicular to A D; then ACB BCD two 
right Angles, but AC EE C B=A CB, and ECD 
FE CBS YB C D, therefore A CEE C DSA CB 
＋B CDS two right Angles. 


| Cor. 1. All the Angles made about one Point are 
= four right Angles. | | 
Cor. 2. When one Circle croſſes another, the ver- 


For 


tical Angles a, c, are equal. 


ww wF w % 
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Angles, therefore a+b=b-l-c and a=c. 


PROP; N. 


A ſpherical Angle made by two great Circles is mea- 
ſur d by the Arch of a great Circle intercepted between 
the Sides, and deſcribed at a Quadrant's diſtance from 
the Angular Point. | 


Let AB=A D=9o?, and draw the Arch BD, 
and from the Center E draw B E, D E; alſo draw 
the Tangents AT, AS, to the Arches AB, AD; 
then the  T A S= ſpherical Angle BAD, and 
AEB, AED will be two right Angles, but T A E, 
SAE are right Angles; therefore T A, SA are to 
BE, DE, and Z. TAS=BED. But the Arch BD is 
the Meaſure of the Angle BED or TAS, and therefore 
of the ſpherical Angle B A D. 


Cor. 1. The Angles B A D, BCD, made at op- 
zofite Points of the Semicircle are equal. For the 7 

ED or Arch B D is the Meaſure of both. 

Cor. 2. The Diſtance of the Poles of two Cir- 
cles is equal to the Angle of their Inclination. 

For ſince AE is L to the Plane BD E, this Plane 
is + to both the Planes ABC, ADC; therefore the 
Poles are in the Circle B D, as fuppole at P, Q. 


Then B P=go*=D Q, and ſubtracting DP from 


both, then B D=P Q. 

Cor. 3. Two great Circles ABC, A DC paſling 
thro* the Poles of another great Circle B D, will cut 
all the Parallels to B D, as & d, into ſimilar Arches. 

For AC is +- to bed, and e the Center of þ4, there- 


therefore /_ BE D=bed, or the Arch & d ſimilar to- 


B D. 

Cor. 4. Hence an Angle made by two great Circles 
of the Sphere, is equal to the Angle of Inclination 
of the Planes of theſe great Circles, For . BED 
or led L T AS or BAD. | 

| I 4 Cor. 
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For a two right Angles, and þ+c= two right FIG. 


22. 
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FIG. Cor. 5. Hence allo if 4d be a Parallel t the great 
22. Circle BDP; it is as Radius: Coſine of the Parallel's 
diſtance from its great Circle : : ſo any Arch of the 

great Circle: to a ſimilar Arch of the Parallel. 

For B E: BD:: be: bd. | 12 

PR O P. V. 

23. Fam two Circles A E B, A F B, interſeft one an- 


olber on the Sphere, they make the oppoſite Angles A and 
B equal, and the oppoſite Parts A F E, BFE fimilar. 


| Let AB be the common Section of their Planes 3 
and in the Planes of their reſpective Circles, draw the 
Tangents AC, BC to the Circle AFB; and AD, 


BD to the Circle A E B, and join CD. Then in 


the Triangles A CD, BCD, A C=BC, being Tan- 
gents tothe ſame Circle and for the ſame Reaſon A D 


=B D, and CD is common; therefore the Triangles | 


are equal and ſimilar, and the C A D=CBD, and 
therefore the Spherical Angles A and B equal to them, 
are alſo equal to one another. m—_— | 

Likewiſe the oppoſite Partsof the Figure AFBEA, 
are fimilar, being bounded by Parts of the ſame Circles, 
having the ſame Poſition. 

Cor. Hence any two like Arches OI, SV, drawn 
after a like manner, will be equal. That is if AO 
BS, and AI=BV, or Z AOI=Z BSY, then 
OLS V. For then the Triangles AOI, and BS V 
are ſimilar and equal. | 


SCHOLIUM. 


. Tho" the oppoſite Parts of the Figure A F E and 
B F E are faid to be ſimilar ; yet if the Angle A be 
apply'd to B, the Triangles AFE, BFE will not 
coincide. Or it the Baſe FE of one be laid upon the 
Baſe E F of the other, the triangular Figures A F E, 
B FE will lye contrary ways, one to the right, the 
other to the left hand, 


PROP, 


n 


SS vn 


Ce 


"= 1 & | ih 4 


BY = 7 ww 49 We iS SY WwWw*” * * 


Set. I. TRIGONOMETRY. 
N PROP. VL 


If two great Circles H O, H R havethe ſame Inclina- 


tion to a third EQ ; the Arches of all the Parallels (AP) 
to the third, intercepted by the other two, will be ſimilar 
Axcbes. c 


Leetthe great Circle EC, cut the Circles HO, HR at 
equal Angles in E, and Q. Thro' the Poles of EC 
draw the great Circles PB, A C. Then in the Tri- 
angles PE B, A QC, ZE =. Q, and the Angles 
at B and C are right, and PB=A C: therefore if the 
Angle E be laid upon the Angle Q, then will P fall 
ſomewhere in the Arch P A (becauſe P B=A C); 
and ſomewhere in the Arch QH (becauſe ZE=2_Q), 
therefore P falls upon A, their Point of Interſection; 
and conſequently B upon C (otherwiſe A would be the 
the Pole of CQ); therefore B E = CQ, and PE 
* —_ Q=BC; but B C is ſimilar to AP 
(by 
ſimilar. 


Cor. The ſame Things ſuppoſed, the Arches of 
the two inclined great Circles intercepted between any 
two Parallels to the third, are equal, PE=A Q. 


PR OP. VII. 


If a Plane E P Q. be ſuppoſed to be drawn perpendi- 
cular to the Planes of two equal Circles HO, EQ; and 
any other Plane PD KN be drawn thro the two Poles 
P, N, which are equidiſtant from their reſpective Circles, 
and to revolve about PN: Then theſe Planes will inter- 
cept equal Arches of theſe Circles, DO, K Q. 


For let N be the Pole of H O, and P of EQ, and 
N O=PQ, then by Cor. Prop. V. NO Hor NOD 
=PQE or PQK; and 4 POD=NQK, and 
N Q=PO, and by Prop. V. NP. Therefore the 
Triangles POD and NQK are ſimilar and _—_ 

anc 


121 
FIG. 


24. 


r. 3. Prop. IV), therefore EQ and AP are 


25, 
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FIG. and therefore Arch DOZK Q. And likewiſe Arch 


26. 


27. 


HD = E K. | 
PROP. VIII. 


Of ſeveral Arches of great Circles drawn from the 


fame Point A to any other Circle C E D; the greateſt 


AD is that which paſſes thro? the Pole P, and the near- 
er to this as AB is greater than that which is further 
off as A E. And the leaſt is AC the remainder of that 
which paſſes thro* the Pole. | | 


Let AS be perpendicular to the Plane of the Cir- 
cle CED, O its Center, CSOD its Diameter. Draw 
the right Lines SB, SE, AD, AB, AE, AC. Then you 
have the right angled plane Triangles AS D. ASB, 
ASE, ASC, wherein the Perpendicular AS is com- 
mon. But (Eucl. III. 7.) the Baſe SD paſling thro” 
the Center is the greateſt, and SB greater than S E, 
and SE greater than S C which is the leaſt. 

Therefore the Hypothenuſe A D is the greateſt, 
AC the leaſt, and A B greater than A E. But theſe 
are the Cords of Arches, and to greater Cords belong 
greater Arches, conſequently the Arch AD is the 
greateſt, Arch A B (nearer to A D) is greater than 
en * E (further from it); and Arch A C the leaſt 
of a 

Cor. 1. If two Sides in two ſpherical Triangles 
APE, AP B, be reſpectively equal; that which hath 
the greater included Angle. hath the greater Baſe, and 
the contrary. 

For about the Pole P, at the Diſtance PE or PB 
(the greater fide in the two Triangles), deſcribe the 


Circle EB D, and from A thro* P draw the great 
Circle APD. Then by this Prop. if BD be lefs than 


ED, or CAP greater than APE; then is AB greater 
than A E. ITS | | | 
And if AB be greater than AE, then AB is nearer 
to D than AE, CAB greater than APE. | 
Cor. 2. The Perpendicular let fall on the Baſe of a 
ſpherical Triangle, is either greater fhan cither Side, 


or leſs than either Side. For 


Set. I, of TRIGONOMETRY. 


123 


For it paſſes thro' the Pole of the Baſe, and is there- FIG. 


fore either the longeſt or ſhorteſt Line drawn from the 


Vertex of the Triangle. 

Cor. 3. And therefore when the Perpendicular falls 
without the Triangle, either the greater or leſſer Per- 
pendicular may be eſteem'd the Perpendicular upon 
the Baſe. 

Cor. 4. Hence if the Perpendicular fall without, 
as in the Triangle B A E, the greater Perpendicular 
AD lyes next the greateſt Side A B; and the leaſt 
Perpendicular A C next the leaſt Side A E. 

But when the Perpendicular falls within ; if it is 
leſs than a Quadrant as AC (in the Triangle AE F), 
then it lyes nearer the leſſer Side A E, and the Seg- 
ment CE is leſs than CF, and CAE leſs than 
CAF. Burt if it is greater than a Quadrant, as A D 
(in the Triangle AB G), then it lyes neareſt the great- 
ter Side A G, and then it makes the leſſer Segment 
of the Baſe (D G), and leſſer vertical Angle (D A ), 
next the greater Side AG. And the greater ones 
next the leſſer Side A B. 

Cor. 5. The Perpendicular falling within, or the 
neareſt Perpendicular falling without, is of the fame 
Aﬀection, as half the Sum of the Sides. ; 

For in the Triangle EAF, AC is leſs than a 


Quadrant, and ſince AF<A G, therefore AE AF 


SEG or 180, an 


Triangle G A B, AD is > a Quadrant; and ſince 
AG>APF, therefore BAA GDB For 180, 


and Þ — 2 > 90. 


Again in the Triangle B AE, where the Perpen- 
dicular A C is leſs than a Quadrant, and CE <C F; 
then by this Prop. AE<AF, and A ETA B 


BF or 180˙, and 2 — — 90. But in the Tri- 


angle GA F, where the Perpendicular AD nn 


4 — 


D 90. But in the 


28. 
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FIG. than a Quadrant) is neareſt, or DB D G, or C F 
28, SCE, then AF AE, and AF+AG>GE or 
ge 


Cor. 6. Hence when the nr falls within, 
or you take the neareſt Perpendicular falling without; 
then if half the Sum of the Sides be leſs than a Qua- 
drant, the leſſer Segment, and leſſer vertical Angle 
adjoins to the lefſer Side ; but if half the Sum of the 
Sides be greater than a Quadrant; the leſſer Seg- 


_ and leſſer vertical Angle adjoins to the greater 
ide. 


180. an 


— IE 


Se 
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SECT. IL 
The Aﬀettions of ſpherical Triangles. 


PROP. IX. 


Every Triangle A B C hath (by producing its Sides) 
another Triangle ab c, on the oppoſite Side of the Globe, 
fimilar and equal to it. 


For the Point à is oppoſite to A, or a Semicircle 
diſtant from it; and þ 1s oppoſite to B, and c to C. 
Therefore ab=A B, bc=BC,.and, ac=A C. Like- 


wiſe by Cor. 1. Prop. IV. C ar A, b=B, and 


c=C; therefore the Triangle a6 c is equal and ſimi- 
lar ro A BC. | 


Cor. I, Hence any Triangle A BC, by producing 
its Sides, hath oppoſite to every Angle thereof, an- 
other Triangle of the ſame Baſe and oppoſite Anglo 
with the former; and the other Parts the Supplements 
thereof. | 

Thus in the Triangle Bea, CB = CAB C, ac= 
AC, aB=xSup. AB, cB=Sup. CB, £caB=Sup. 
CaBorA, and © ERS Sap. © 

Cor, 2, Any Triangle ABC, has adjoining to 
every Side thereof another Triangle having the ſame 
Side and oppoſite Angle, and the other Parts the Sup- 
plements thereof. 

Thus in the Triangle ABc, A B and c is the 
lame with A B and C; Br, Ac are the Supple- 
ments of BC, AC; £4 cBA=Sup. CBA, and 
2. c A B=Sup. CAB, Likewiſe there is the Tri- 
angle a B C adjoining to C B; and the Triangle AC 
adjoining to A C. | | 


SCH O- 
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FIG. 
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30. 
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SCHOLIUM. 


Tho' the Triangles ABC, ac are ſaid in this Prop. 
to be ſimilar; yet they will not coincide when ap- 
ply'd to one another. For laying any Angle à upon 
its equal A, ſo that the Concavities of the Triangles 
lye the ſame way; the Side à c will fall on A B, and 
ab on A C. | 


FRO P. X. 


' tf from the three Angles of any ſpherical Triangle 
ABC, as Poles, you deſcribe three great Circles, they 
will form another ſpherical Triangle DE F by their In- 
ſeftions ; each Side and Angle whereof will be the Sup- 


- plements of the Angle and Side oppoſite, in the given 


Triangle. 


Produce the Sides as in the Fig. then ſince Bk 
or B F is a Quadrant, and Ag or A F is a Quadrant, 
therefore F is the Pole of AB; and likewiſe E the 
Pole of AC, and D the Pole of CB. then D Q=a 
Quadrant=E R, and DE=Q R=Sup. CC. 

. Allo E g=g0o*=F p=T p. and T E=p g, therefore 
F E Sup. E. T orpg that is of the CAB. Like- 
wife DIS Ir or B, and D F=Sup. B. | 

Alſo r B=go*=A p, and r BA p or rp+A B 

180?, and rp or the . F=180—A B=Sup. AB. 

And thus Ag=CR, and A C=gR, and Sup. g R 
=dup. A C, that is 4 E=Sup. AC. 
Laſtly C Q=g0*=Bk, and CQ+B k or k Q+ 

. and & Q=180—C B, that is 4 D=Sup. 


Cor. 1. Some three Poles of the Sides. of any 
Triangle, form another Triangle, wherein the A.ngles 
and Sides are reſpectively equal to the Supplements of 
the Sides and Angles of the other; and theſe two 
Triangles are mutually ſupplemental to each other. 

For D, E, F are the Poles of the Sides of the — 

angle 


to 
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angle A BC, as well as A, B, C are the Poles of the FIG. 
Sides of DE F. | 

Cor. 2. The neareſt Poles D, E, T of the Sides of 
any ſpherical Triangle A BC, form another Triangle, 
wherein the Angles and Sides are reſpectively equal 
to the Sides and Angles of the given one: Excepting 
only the Supplements of one Side and its oppoſite 
Angle in the former, will be the correſpondent Angle 
and Side 1n the latter. | 

For in the Triangles DFE, DT E, DE is com- 
mon, and C. F . T; and all the Reſt are the Sup- 
plements. There are other five, or in all ſix ſuch 
Triangles, and all adjoining to the Angles and Sides of 
the Triangle DEF, by Cor. 1, 2, Prop. IX. but 
there is only one ſupplemental Triangle DE F to the 
Triangle A B C. 


SCHOLIU M. 


By this Prop. quadrantal Triangles may be reduced 
to right angled ones. 


FEROP. 3k 


In two Triangles, if three Sides in one be reſpectively 
equal to three Sides in the other ;, or the three Angles in 
the one, to the three Angles in the other ; Theſe Triangles 
will be equal in all reſpetts. 


Caſe 1. If three Sides be equal; and if the Baſe of 

one Triangle be laid on the Baſe of the other, the two 

other Sides muſt coincide; becauſe there can be but one 

Point from whence two given Arches can be drawn 

to the two Angles at the Baſe. 

Cafe 2. If three Angles are equal, then by Cor. 1. 

Prop. IX. the Sides of two Triangles form'd by the 

4 Poles of both, will be the Supplements of the q 

4 Angles of the former, and therefore reſpectively equal. N 
Therefore by Caſe 1 the Angles of theſe ſupplemental 

Triangles are equal, and theſe Angles are the Supple- 

I ments of the Sides of the former Triangles by Cor. 1. 

e 8 Prop. 


ag: 8 


- 
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FIG. Prop. X. therefore the Sides of the former Triangles 


31. 


are reſpectively equal. 


SCH OLIU M. 


This Demonſtration ſuppoſes the equal Sides to lye 
the ſame way; but if they lye contrary ways, they 
cannot concide, Yet if you will ſuppoſe the Con- 
vexity of one of them to lie the contrary way, then 
they will coincide when laid _ one another, The 
ſame may be apply'd to the following Prop. 


PROP. XII. 


If in two Triangles, there be two Sides and the includ- 
ed Angle; or two Angles and the included Side, re- 
ſpeftvely equal; the two Triangles will be equal in all 
refpetis. For, 


1. If one ſide in one Triangle be laid upon its 
Equal in the other Triangle ; then by reaſon of the 
included Angle being equal in both, the other two 
Sides will coincide, and ſo the whole Triangle. 

2. If the equal Side in one be laid upon that in the 


other, and the equal Angles upon one another, the 


whole Triangles will coincide, and will therefore be 
equal. 


TP PRO P. XIII. 
The Sum of any two Sides of a ſpherical Triangle 1s 
greater than the third Side. 


Let AB be the greateſt Side; about the Pole B, 
thro C deſcribe the Arch CD, which will beto 
BD, alſo about the Pole A thro' D deſcribe the 

Arch DE, which will alſo be L to A D. And ſince 
the two Circles CD, E D, can but touch in one point 


D, therefore at E, C there is a ſpace EC between them. 


Whence, ſince A E+CB=AD+DB or AB, there- 


fore AE+EC+CB or A C+C Bis greatter than AB. 
| Cor, 
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Triangle D F E is leſs than a Circle. 
For DE is leſs than D T+T E. and therefore DE 


+E F+FD is leſs than FD TFE T or two Scmi- 
circles. 


Cir. 2. A great Circle is the neareſt Diſtance of any 
two Points upon a Sphere. For it is a Line of the 
leaſt Curvature that can be drawn, or deflects leaſt 
from a right Line, 


PR O P. XIV. | 
In any Triangle equal Sides are oppoſite to equal Angles. 


1. Let AC=BC, let C D hiſſect the Angle AC B, 
then in the Triangles A CD, CD B, there are two 
Sides and the included Angle at C reſpectively equal; 
therefore by Prop XII, the © A= -B. | 

2. If Az CB, make AE=BE, then by Caſe r, 
the ZEAB=ZZB=4ACAB by Suppoſition; 
therefore E falls upon C, and AC is=B C. 


Cor. 1. An equilateral Triangle is alſo equi-angalar, 
and the contrary. 

Cor. 2. In an Iſoceles Triangle, a Perpendicular let 
fall on the Baſe, biſſects it and che vertical Angle: 
et contra. 

Suppoſe the Convexity of the Triangle CDB 
to lye the contrary way; then becauſe the Angles at 
D are equal;if C D B be laid upon C D A, DB will 
fall upon DA; and becauſe C B=C A, and . A 
CB (by this Prop.), therefore the Point B will fall 
upon A; and the Triangles will coincide, then will 
AD=DB, and Z's at C will be equal. 

Again, If AD=DB, or . AC DS £4. BCD; 
then by Prop. XII. the Angles at D are equal, or 
CD-EAB. : 


K PROP. 


Cor. 1. The Sum of the three Sides of any ſpherical FIG, 
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Ne. 
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7... en le 
In any ſpherical Triangle, the greateſt Side is oppoſed to B 
the greateſt Angle; and the leaſt to the leaſt, D 


1. Let Z C SB, and make Z. BC D=B. then ä 
will CD=B D by Prop, XIV. but C DA D or AB di 
Ac by Prop. XIII. For the ſame Reaſon if B th 
A, then AC CB. 

2. Let AB> AC, then Angle C B; for if C A 
be equal or leſs than B, then A B is equal or leſs than op 
C A by Caſe 1, which is contrary to the Suppoſition. yo 


P R O P. XVI. po 


33. E 4 one Side D A of a Triangle D AB be produced, — 
and if the Sum of the other ſides D BB A be greater, 
equal, or leſs than a Semicircle; the internal Angle at the A 


Baſe D, is accordingly greater, equal or leſs than the out- Fu 
ward oppoſite Angle BAC. | 


For if D'B+B A be > =or S than D C, then 
B A is > =or << than BC; and by Prop. XV. the 
Angle Cor Dis >= or < than BAC, reſpectively. the 


Cor. 1. In an Iſoceles Triangle, as one of the MW 
equal Sides 1s greater, equal, or leſs than a Qua- 
drant; the Angle at the Baſe is accordingly Ie 
greater, equal, or leſs than a right Angle. ff 

Cor. 2. In an Iſoceles Triangle, either Side is of the 


ſame Affection as its oppoſite or adjacent Angle. — 
= : PROP. XVII. = 


33. In any ſpherical Triangle, if the ſum of any two Sides A. 
be greater, equal, or leſs than a Semicircle ; the Sum of ſan 
the oppofite Angles, is accordingly greater, equal or leſs the 

Þ than two right Angles, | Su 


1 For big 
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For by Prop. XVI, if DB+BA be greater, equal o 
leſs than DC, then C is greater, equal, or leſs than 
BAC, and D+D AB greater, equal, or leſs than 
DA BAB A C or two right Angles. 


Cor. 1. In any Triangle half the Sum of any two 
Sides is of the ſame Affection as half the Sum of 
their oppoſite Angles. 

Gor. 2, Hence it follows, that if in a Triangle 34 
A CB, there be given two Sides AC, C B, and an f 
op polite Angle A; and if CD be made B, then 
you «ill have two Triangles A CB, A CD contain- 
ing the Things given, and therefore the other op- 
polite Angle may be either Bor ADC; and con- 
ſequently in both of them the Sum of the Sides A C. 
BC; or AC, DC; are of the ſame Affection (with 
reſpect to 180%), as the Sum of the oppoſite Angles 
A and B, or of A and AD C. Therefore whenever 
the Sum of the Angles A and B are of the ſame Af- 
fection as the Sum of A and the Supplement of B, 
then tis doubtful whether the other Angle B 1s acute 
or obtuſe, becauſe it may be either. But when theſe 
are of different Affections, that value only of B (whe- 
ther acute or obtuſe) muſt be taken, which when, add- 
ed to A, their ſum is of the ſame Affection, as the Sum 
of the oppoſite Sides. 

Cor. 3. And for the ſame Reaſon, when two An- 
gles A and B, and an oppoſite fide CB are given : 
If there be two Triangles A CB, DC that contain 
the ſame data, it will be doubtful whether the other op- 
poſite Side be ACorits Supplement CD (for CD=CE, 
the Angles A,D, E being equal) for it may be eitherof 
them. Therefore we muſt always take that Value of 
AC vhich added to CB, their ſum may be of the 
of WF fame Affection (with reſpect to 180), as the Sum of 
the oppoſiteAngles. And if both ſums (viz. of AC or its 

Supplement, added to A) be of the fame Affection; 
then it is doubtful. Alſo if CI be AB, it will be am- 

or biguous whether AI or its Sup. EI=DI be the 
K 2 Seg- 


" 
s. 
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a 
Segment of the Baſe, and whether A CI or its Sup. 
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ECIorDCI be the Angle at the Vertex. 

Note, the Caſes mentioned in the two laſt Corol. con- 
tain the ſix ambiguous Caſes of oblique Triangles. For 
when two Sides and an Angle oppoſite are given; the 


bother three Things will have different Values, according 


as an Arch or its Supplement 1s taken for the other 
oppoſite Angle. And if two Angles and an oppoſite 
Side be given; according as an Arch or its Supple- 
ment is taken for the other oppoſite Side; the Baſe 
and its oppoſite Angle will have different Values. 

Cor. 4. If in a right angled Triangle, there be given 
an Angle and its oppoſite Side, there will be two Tri- 
angles DBA, CBA that have the fame Data, and 
therefore theother three Thingsare doubtful. Whence 
the Hypothenuſe may beeither D B or its Sup. BC. 
IE D B be the Hypothenuſe, then the Baſe is DA 
and . oppolite DBA. If BCis the Hyp. then 
AC is the Baſe and ABC the op. Angle, theſe three 
being the Sup. of the others. And theſe are called 
the three ambiguous Caſes in right angled Triangles 
when an Angle and its op. Leg is given, to find the 
reſt. | | 

After the ſame manner in a quadrantal Triangle, 


if a Side and the oppoſite Angle be given; the An- 


gle oppolite to the quadrantal Side may be either that 
Angle D A B, or its Supplement B A C. And there- 
fore the three things ſought are ambiguous, and each 
of them may be either an Arch or its Supplement. 


OE. XVUL 


In any Triangle A B C. the ſum vf the three Angles is 
greater than two right Ans les. | 


Let F D E be the ſupplemental Triangle to A B C, by 
Prop. X. then by Cor. 1. Prop. XIII. DFF E+ 
ED is leſs than a Circle; that is the Supplements of 
A, B, and C is D 2 ſemicircles, or 180—A-180— 

| | | B+ 
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B+18c—C < 360. ſubtra& 2 ſemicircles, and then FIG. 


180—A—B—C<o add AB+C, then 180 T 
A+B+C, or A+A+C> 180. 


Cor. 1. The ſum of the three Angles of any Tri- 
angle is Teſs than fix right Angles. For every An- 
gle muſt be leſs than 2 right Angles, otherwiſe it 
would be one continu'd Arch. 

Cor, 2. In any Triangle D A B, the external Angle 
BAC is leſs than the Sum of the interior oppoſite 
Angles D and B. 

Cor. 3. The Sum of any two Angles is greater 
than the Supplement of the third Angle. | 

Cor. 4. The Sum of any two Angles—the third 
(or any Angle and the Difference of the other two) is 
leſs than two right Angles. 

For FD is leſs than F E+E D, by Prop. XIII, that 
is 180—B, is leſs than 180—A+180—C, that is 180 
＋ AC is leſs than 180-þ- 180, or A+C—B leſs 
than 180. | 

Cor, 5. In a right angled ſpherical Triangle, the 
Sum of the oblique Angles is greater than one, and 


leſs than three right Angles. By this Prop. and 
Cor. 4. | 


1 


Tf the Angles at the Baſe of a ſpherical Triangle, be 
of the ſame Affection, the perpendicular on the Baſe will 
fall within the Triangle; if of different Affection it 
falls without. 


In the Triangle GAB whoſe Baſe is GB and its 
Pole P, Since the Perpendicular muſt paſs thro' the 
Pole P, by Prop. 1. Cor 1. let it interſect the Baſe in 


D, C, then the Angles PG B and PB G are right, and 


therefore A G Band A B G are both obtuſe, when 
the Perpendicular CD falls between them. Likewiſe 
the Angles PF E, and PE F are both right; therefore 
in the Triangle F AE the Angles F and E are both 


3 acute 


30. 


33. 


30. 


28. 
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FIG. acute, Shen AC falls within. But in the Triangle 


2B. 


B AE the Perpendicular falls without, and the 
Z_ ABE is acute and AE B obtuſe. And the ſame 
will hold for any other Triangle that can be drawn. 

Cor. If the two leaſt Sides of a ſpherical Triangle, 
A BC be of the ſame Affection; the Perpendi- 
cular C D upon the other AB, will fall within the 
Triangle. 

Let A B be the greateſt Side, make B E=BC, and 
AF=A C, then by Cor. 2. Prop. XVI. the Z 
B E C is of the ſame Affection as C B. and A FC 
of the ſame Affection, as AC; but AC, B C are 
of the ſame Affection, and therefore the Angles 
EF C, FEC. Therefore by this Prop. the Perpendi- 
cular CD falls within the Triangle ECF or A CB. 

If AB be leſs than A C, CB, but greater than 


their Supplements (they being of the ſame Affection), 


37 


the Perpendicular will fall within. For this and the 
adjoining Triangle (whoſe common Baſe is AB) have 
the ſame Perpendicular, ſee Cor. 2 Prop. IX. 


SCA O11U:M 
Some other Properties of Perpendiculars may be 


feen in the corollaries to Prop. 8. 


PROP. XX. 


15 any be angled ſpherical Triangle, each of the 
oblique Angles is of the ſame Affection as the oppoſite fide. 


If the Angle at A be right, and A C leſs than a 
Quadrant, produce AC to D, that AD may bea 
Quadrant, and draw BD; then D is the Pole of B A, 
and conſequently ABD a right Angle, and there- 
fore ABC is leſs than a right Angle. But if AE be 
greater than a Quadrant; then its oppoſite Angle ABE 
is greater than the right Angle A BD. And if AD 
be a Quadrant, the Angle ABD is a right * 

n 


3 
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On the contrary, if A BD is a right Angle, then FIG. 
D is the Pole of AB, and A D a Quadrant; but if 37. 


ABC be leſs or ABE greater than a right Angle; 
then the oppoſite Side A C will be leſs, or AE greater 
than the Quadrant AD. 
PRO P. XXI. 4 

In a right angled ſpherical Triangle B A D, if the Legs 
be of the ſame Affection, the Hypothenuſe B A, will be leſs 
than a Quadrant; if of different Affection, it will be 
greater: And the contrary. 


Let D be the right Angle, and produce DB, DA 
toC; and make D P, DE Quadrants, then P is the 
Pole of DB, and E of DA, and PB a Quadrant. 
Then in the Triangle DBA, if DB, DA be leſs 
than a Quadrant, then B A will be leſs than the Qua- 
drant BP, by Prop. VIII. And in the right angled 
Triangle BAC, if BC, AC, be greater than a 
Quadrant; then alſo B A is leſs than BP. | 

But in the Triangle DB F, where DB is leſs and 
DF greater than a Quadrant ; as likewiſe in the Tri- 
angle BCF, the Hypothenuſe B F will be greater 
than the Quadrant B P. by the ſame Prop. VIII. 

On the contrary, if the Hypothenuſe B A be leſs 
than a Quadrant B, then DB, DA are both leſs; or elſe 
CB, C A both greater than a Quadrant. But in the 
Triangle DB F or CBF, where the Hypothenuſe 
B F is greater than the Quadrant BP; DB, D F or 
elſe CB, C F are of different Affections. 


Cor. 1. As the two oblique Angles are of the ſame 
or different Affection; the Hypothenuſe will be ac- 
cordingly leſſer or greater than a Quadrant: et contra. 
by Prop. 20, and 21. 

Cor. 2. As the Hypothenuſe and one Side (or its 
oppolite Angle) is of the ſame or different Affection; 
the other Side (and its oppoſite Angle) will be leſs or 
greater than a Quadrant. 

0 | Cor. 


1 


1 
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FIG. Cor. 3. A8 1 ypothenuſe | by leſſer or greater than of 
38. 2 Quadrant, Ah "y g will be ſimilar or diſſimilar eal 

| to its adjacent Angle: 00 the contrary. 
| PROP, xxl, , 
39- :Trianzh CI A have one "acute Angle, it al eatt 
: bath one Side leſs than Quadrant. | 

Let A CI bc the acute Angle, ang in the Triangle 1 
1 CBA. let C be a right Angle; if either A fall be- fall 
wceen P and C, or B between Q and C, the Prop. che 
13 is manifeſt; for then either CA or CB is leſs than a An: 
Quadrant. Let therefore C B, C A be greater than the. 
1 Quadrants, then by Prop. 2 1. BA is leſs than a AL 
| Quadrant, therefore in the acute angled Triangle Rex 
| ACI, Al is ſtill leſs than a Quadrant. ( 
Cor. If, a Triangle have one Side greater than a DE 
Quad rant, it alſo hath one obtuſe Angle, will 
For if a Triangle hath one Side greater than a Qua- I 
drant, its ſupplemental Triangle (by Prop. X) hath met 
one acute Angle; and therefore by this Prop. it hath the 
a Side alſo: leis than a Quadrant. And it fo, then (by fore 
Y Prop. X.) the former has an Angle greater than a will 
| | 1:ght Angle, 0 
| | be « 
| | PROP. XXIII. Aff 
| If a Triangle bas two” Sides leſs than Quadrants, it 1 
| bas alſo an acute Angle. 2 
eſs 
39. For in the Triangle DB A, if BD, DA be leſs Tri 

than Quadrants, 'the Sum of the oppoſite Angles is 
leſs than 2 right Angles, by Prop. XVII. therefore C 
at leaſt one of the Angles is {cls than a right Angle. wy 
| the 
Cor. If a Triangle A CB has two obtuſe Angles, low 


it has alſo one Side greater than a Quadrant. 
For by Prop.' XVII. If two Angles be greater 
than two right Angles, then the Sum of their op- 
polite 
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oſite Sides is greater than a Semicircle ; therefore at FIG. 


eaſt one of them is greater than a Quadrant. 
PR OP. XXIV. 


If the three Angles of a ſpherical Triangle be acute; 
as Side will be leſs than a 2 A 


For the Perpendicular C D from any Angle will 
fall within the Triangle by Prop. XIX. and ſince, in 
the right angled Triangles AC D, and DC B, the 
Angles A and A CD, and Band B CD are all acute, 


therefore by Cor. 1. Prop. XXI. the Hypothenuſes 


AC, BC are leſs than a Quadrant. And by the ſame 
Reaſoning A B is leſs than a Quadrant. 


Cor 1. If the three Sides of a ſpherical Triangle 


DEF be greater than Quadrants, the three Angles 
will be obtuſe, 


For then the three Angles A, C, B of the ſupple- 
mental Triangle A C B, will be acute, and therefore 
the ſides leſs than Quadrants, by this Prop. And there- 
fore by Prop. X. the Angles of the Triangle DEF 
will be obtuſe. 


Cor. 2. In a Triangle DE F. if two Angles D, E 


be obtuſe, and one F acute; the Sides are of the ſame 


Affection as the oppoſite Angles. 

For in the adjoining Triangle DET all the Angles 
are acute by Cor. 2. Prop. IX; and all the Sides 
leſs than Quadrants by this Prop. and therefore in the 
Triangle DEE; DF, EF are greater than Quadrants. 


Cor. 3. In a Triangle, if two Sides be leſſer, and 
one greater than a Quadiant ; the Angles will be of 
the ſame Affection as the oppoſite Sides. This fol- 
lows from Cor 2. of this, and Prop. X. 


PROP. 
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PROP. XXV. 
In a ſpherical Triangle, when two Sides are of the 


fame Aﬀettion, and the included Angle acute; then the 


third Side is leſs than à Quadrant. But if the two Sides 
are of different Aﬀettion, and the included Angle obtuſe ; 
the third Side is greater than a Quadrant. 


1. In the Triangle B D A or BCA, right angled 


at D and C, if the Legs are of the ſame Affection, 


the Hypothenuſe B A is leſs than a Quadrant, by 
Prop. XXII. but if the Angle at D or Cbe leſs than 
90, 8 ACI, AD]; then Alis ſtill leſs. 

2. Suppoſe the Legs to be of different Affection, 


then by Prop. XXI. the Hyp. B A will be greater 


than a Quadrant, and much more will B A be greater 
than a Quadrant, if the Angle at C and D be obtuſe, 


Cor. When two Angles are of the ſame Affection, 
and the included ſide more than a Quadrant; then the 
third Angle is obtuſe. But if two Angles are of dif- 
ferent Affection, and the included Side leſs than a 
Quadrant, the third Angle is acute. 

For by Prop. X. its ſupplemental Triangle comes 
under the Caſe of this Prop. 
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Sect. III. of TRIGONOMETRY. 


SECT. II. 


The Proportions for calculating the Sides and 
Angles of ſpherical Triangles. 


| | 
PROP. XXVI. 
In any right angled ſpberical Triangle A BC, it is, FIG. 
As Radius : | 40. 
To fine of the Hypothenuſe BC: : 
So Sine of any Angle C: 
To Sine of its oppoſite Side A B. i 


3 

Let the Triangle BA C be right angled at A; 
draw AG, CG to the Center G of the Sphere. From 
B let fall BI to AG, and thro' I draw IH + to 
GC; and draw B H, which will be in the Plane of 
the Circle BC. Since the Plane A BG is + A CG, 
therefore BI is -ACG, and CH— to the Plane 
BIH. Then BI is the Sine of B A, and BH the 
Sine of BC, and by Cor. 4. Prop. IV. © BHI = 
ſpherical Angle A CB. 

This done, in the right angled plain Triangle BIH, 
it will be (by Prop. III. B. II.) Rad: BH::S.H : 
BI, that is Rad: S.BC::SC:SAB. 


Cor. 1. In right angled Triangles that have equal 
Angles at the Baſe; the Sines of the Hypothenuſes 
are as the Sines of the Perpendiculars. 


For if C be given, the S.BC is to the S. A B in 
a given Ratio. | 


Cor. 2. In right angled Triangles having equal Hy- 
pothenuſes ; the Sines of the Perpendiculars are as the 
Sines of their oppoſite Angles. For then BC 1s 
given. | * 
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ABN cCoſ. BF== (by Sch. 4. I.) Col. ee 
ABF: X into © Radius. 


Lor. 2. In right angled Triangles having equa! 


l MNETS Bock ll. 


Cor. 3 _ a right angled Triangle AB F, 2 Coſ. 


Hyp. * Fx Rad = Coſ. Sum of the Sides AB, BF 
10 of. their Difference. 


For in the Triangle EDF. 
Rad: S. E F:: S. E: S. D F, chat is Rad: Coſ. BF:: 
Co. AB : Coſ AF, whence Rad X Col. A F=Cof. 


PROP. XXVII 
In any right angled 7 T_T ABC, as. 
Radius: | 
Sine of one Side AC: 
Tan. Angle adjacent G5 
Tan. oppoſite Side A B. 1 
Suppoſing the ſame Conſtruction as in the laſt 
Prop. then in the right angled plane Triangle HIG 
i will be (by Prop. III. B. II.) Rad: S. A G Cor AC 
:1G : IH And in the right angled T riangle 
BIG (right angled at I) Rad: Tan. BGI & AB: 


IG: IB. And in the right angled plane Triangle 
BIH, Tan. BHI or C: Rad:: IB: IH. There- 


fore ex equo, Tan C: Tan. AB:: IG: IH; that is 
as Rad : S. AC:: * Tan, C: Tan. AB. 


Cor. 1. In right angled Triangles having equal 
Angles at the Baſe ; the Sines of the Baſes are as the 
Tangents of the Perpendiculars. 


For S. A C is to Tan. AB in a given Ratio. 


Baſes; the Tangents of the Perpendiculars are as the 
Tangents of the oppoſite Angles. 


For if AC be given, theſe are in a given Ratio. 


PROP. 


- 


fines of the Extreams diguntt. 


Set. III. of T R IGON OM ETRY. 
—m——_—_— 0. x. 
In any right angled or quadrantal Triangle; the Sine 

of middle Part and Radius, are reciprocally proportional 

to the Tangents of the Extreams conjunt?, and to the Co- 


— 


This in the Lord Neper's Theorem, and is demon- 
ſtrated by Induction thus. 

Produce the Sides AB, A F, BF to Quadrants, and 
deſcribe the Arch CDE. Then ſince the Arches AC, 
AD. BE, CE are Quadrants, the Angles B, C, D will be 
right; and E D Complement of D C=Comp. A; 


and FD=Comp. AF; and E F=Comp. FB. Al- 


ſo the Coſine of the Complement is the Sine, and the 
Cotan. of the Comp. is the Tangent. 1 

Now the middle Part muſt be either a Leg, the 

Comp. of an Angle, or the Comp. of the Hypothenuſe. 

1. Suppoſe a Leg as AB be middle Part, then BF 
and Comp. 4. A are Extreams conjun&. But by 
Prop XXVII. Rad: S. AB:: Tan. A: Tan. FB. 
Or thus S. AB: Tan. F B:: (Rad: Tan A: :) Cotan. 
A: Radius, by Cor. 2, Prop. 1. B. I. 

2. Let Comp. of an Angle A be middle Part, then 
AB and Comp. AF are Extreams conjunct; and in 
the Triangle DEF, by Prop. XXVII. Rad: S.ED 
:: Tan. E: Tan. DF; or S. E D: Tan. DF : : (Rad 
Tan. E: :) Cotan. E: Radius, by Cor. 2. Pr. 1. I. 
that is Cof. A: Cotan. AF:: Tan. AB: Rad. 

3. Let the Comp. Hypothenuſe A F be middle 
Part, then Comp. A and Comp. F are Extreams con- 
junct. Therefore in the Triangle DEF, Rad: 
S. DF :: Tan. F: Tan. E D; or S.DF : Tan. ED 
(:: Rad: Tan. F) :: Cotan. F: Radius, that is Col, 
AF: Cotan. A:: Cotan. F: Radius. 

Therefore Radius Xx S. middle Part Rectangle 
of the Tangents of the Extreams conjunct. Again 

1. Let a Leg AB be middle Part, then Comp. 
F, and Comp. A F are Extreams disjunct, therefore 
by Prop. XXVI. Rad: S. A F:: S. F: S. A B. "I 

2. Let 
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2. Let Comp“ fan Angle A be middle Part; 
then F B and 8 F are Extreams disjunct: There- 
fore in the Triangle DEF, by Prop. XXVI. Rad 

:S.EF:: S. F: . that is Rad : Col. BF : : S.F 
Co. 7 © 

3. Let Comp. H p. AP. be middle Part; then 
AB, FB are Eden disjundt. And in che Tri- 
angle DE F, by Prop. XXVI. Rad: S. EF: : S. E: 
S. DF, that is Rad: Coſ. B F:: Coſ. AB: Col. AF. 

Therefore Radius X Sine of middle Part = Rect- 
angle of the Coſines of the Extreams digun&t. 

And in a quadrantal Triangle, its ſupplemental 
one, by Prop. X. will be a right angled Triangle. 
And ſince this Prop. holds in that right angled Tri- 
angle, it will equally hold in the quadrantal Triangle, 
wherein the Parts are the Supplements of the others ; 
becauſe Arches and their Supplements have the ſame 
Sines, Coſines, Tangents and Cotangents. 


Cor. 1. If a Perpendicular F I belet fall on the Baſe 
of a Spherical Triangle the Coſines of the Angles at 
the Baſe are as the Sines of the Angles at the Vertex. 

For in the right angled Triangles A FI, B F I, it 
is Coſ. A: S. AF I:: (Coſ. FI: Rad: :) Coſ. FBI: 
S. B FI. | 


Cor. 2. The Coſines of the Sides are as the Coſines 
of the Segments of the Baſe. 

For Coſ. Al: Coſ. AF:: (Rad; Cof. FI::) 
Coſ. BI: Coſ. BF. 


A 


Cor. 3. The Sines of the Segments of the Baſe are 
as the Cotangents of the Angles at the Baſe. 

For Cotan. A: S. AI:: (Rad: Tan. FI: :) Cot. 
IBF: S. IB. | 


Cor. 4. The Cotangents of the Side, are as the 
Coſines of the _ at the Vertex. 
For 


Seck HI. of TRIGONOMETRY. 143 


For Cotan. A F: Col. AF: Abad: Tan. FI::) FIG. 
Y Con: BF Col BFI. „ 


; Cor. 6. The Tangents of the Segments of the Baſe 
are as the Tangents of the Angles at the Vertex. 

= For Tan. AFI: Tan. AI: (Rag: S. FI::) Tan. 
8 EI. Tan. BI. 


he SCHOLIUM. 
This Prop. will reſolve all right angled and qua- 


drantal Triangles; and alſo all oblique ones, (except 
where 3 Z's or 3 ſides are given,) by letting fall a 
Perpendicular dividing it into two right angled Tri- 
angles. 


; PROP. XXIX. q 


n any ſpherical Triangle, the Sines of the Sides are 
broportional to the Sines of their oppoſite Angles. 43+ 


ew Set + - 


On AB, AF let fall the Perpendiculars FH, BI; 
then by Prop. XX VI. 


SAF: SFH:: Rad: S. A 
and S. FH: S. FB:: S.B : Rad. therefore 
ex equo S. AF: S. FB:: S. B: S. A 


again S. AB: S. BI :: Rad: S. A 
and S. BI: S. B F:: S. F: Rad. and 
ex equo S. AB: S. B F:: S. F: S. A. 


| o . 
Cor. 1. If a great [Circle be drawn from the Ver- 44. 
tex of a Triangle to cut the Baſe ; the Rectangles ef. 
of the Sines, of the Sides and of the vertical Angles ; 
are directly as the Sines of the Segments of the Baſe. 
For S. C DA: SCA :: S. CAD: SCD = 


SCAXS.CAD 
TGV? and S. C DA or BDA: S. AB: 


S. DAB: SDB SABXSDAB cc. S.CD: 
S. CDA 


S. DB:: S. C AxS. CAD: S. B AXS.DA B. 


Car. 
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2 eee eee q [UU 
— 
- 


Toe 
FIG. 


44. 


42. 


42. 


De ELEMENTS Bool II. 


Cor. 2. I the vertical Angle of a Triangle be bi. 4 
ſected; the Sines of the Segments of the Baſe are a8 . 9 
the Sines of the Sides ; 8. CD: S. 9D : + - : 8. Ab. 


E 

In any ſpherical Triangle fo ede be let fal SA 

on the Baſe, it is Cor 
As the Sine of the Sum of the Sides, AF, BF: 

Sine of their Difference : : = 


Cot. of * Sum of the Angles at the Vertex, AF. . B FI : 
Tan. of baif their Difference. 


For by Cor. 4. Pr. XXVII. ** AF: Cotan. 
BF :: Cof. AF. Coſ. BFI. or by Cor. 4. Pr I. B. I. 
Tan. AF : Tan. BF:: Col. 8 FI: Coſ. Abl. And 
by Compoſition and Diviſion, Tan. AFA Tan. BF: 
Tan. AF— Tan. BF :; Coſ. BFI Coſ. AF: 
Coſ. B FI—Coſ. A FI, that is by Cor. 4 and 2 P. f 


VII. B. I. S. TT BF: S. r Br: Con f 
AFI4BFI, Tan. AE EBREI 5 


2 2 


Cor. 1. If the Perpendicular falls within 


A 


| 


LE ON 


83 23 | 
. Ph) San 


—— N 


= half the Angle at the Vertex F: it it falls without | 
A FI—BF ] TY 
| 2 


— 


= half the vertical Angle. 


Car. 2. As Sine of Sum of the Sides: N 
Sine of Difference of the Sides:: | 
Cotan. half the vertical Angle: — 
Tan. half Difference, or half Sum, of the vert' £11 
. cal Angles, r as the Perpendicula 
falls within or wichodt. C 


PR OP. XXXI. 
Let a Perpendicular fall on the Baſe of a Triangle then 


Tan. half the Sum of the Sides, 'A F, BF: 
Tan. half their Difference: 


N Tan 


al 


PP 


an. 
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: Tan. half the Sum o 
. 


For by Prop. XXIX. SAF: BF: 8B .A. 
And by Compoſition and Diviſion, S. AF+S. BF: 
S. AF— 8. BF:: S. BS. A: S. B—8. A; that is by 


on 7 Pr. VII. B. I. Tan. DE; : Tan — 
ken e a : Tan. BA 
| OY 2 


PROP. XXXII. 


the Auger a the Baſe, By A. 


Let 4 Perpendicular fall on the Baſe of a ſpherical 42. 


Triangle, then 


Cotan. half the Sum of the Angles at the Baſe, A,B : 
Tan. balf their Difference : : 


Tan. + Sum of the Angles at the Vertex, AFI, BFI: 
Tan. half their Difference. 


For by Cor. 1. Prop. XXVIII. Coſ. A: Coſ. B: 
S.AFT : CBE And Coſ.A + Coſ.B: Cof.A—Coſ B 
: S. AFI TS. BFI: S. AFI—S.BFl, that is by Cor. 1 


and 2. Prop. 7. I. Cotan. WS, | Ti =: : Tan, 


e A AFI-BFI 
2 


4 If the Waben falls within, AF 2 


= half the vertical Anglc F; but — AF 75 I if it 
fall without. 5 


Cor. Cotan. half the Sum of the Angles at the Baſe : 
Tan. half their Difference : 


Tan. half the vertical . 
Tan. half the Difference, or half the Sum of the 


vertical Angles, as the Perpendicular falls 
within or without. 


I. This 


—— 2 4 SY WT ISS 4 n 228 * 
— — — 7 4 * not = „ bi = N 8 nd 7 — 
8 - b - — . a 
_— 2 — . ö * . 
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This 18 plain when the Pe; icular falls within; 
and When it falls without, 4. FI FI becomes, —BF l, 
and the contrary; 


PR O P. XXIII. 


Frppoſe a Perpendicular to fall on the Baſe of a ſpberi. 
a Triangle, £8 as 
Tan. half Sum of the Segments of the Baſe Al, BI: 
Tan. half the Sum of the Sides, AF, BF: 
Tan. half Difference of the Sides AF, BF: 
Tan. 2 Diff. of the Segments of the Baſe, Al, BI. 


For by Cor. 2. Prop. XXVIIL Coſ.BF : Coſ.AF 
: Col. Bl: Coſ. A I. And Cof.BF+Cof, AF: Coſ. BF 
Col AF : : Cof.BI+Coſ. AI: Coſ.B — Coſ. AI; 


that is by Cor. 2. Prop. VII. B. I. Cotan. RTE: 
— . Coun. Alb, I ABI 


2 2 


Or by Cor. 4. Prop. I. B. I. 5 ART : Tan, 
debe AF4BE . Al4BI, iq 


: Tan. 


: Cotan. 


3 AE BF, ALI 


2 
Here as the Perpendicular falls within or without, 
anner or AI—BI will be the Baſe. 


cer. 1. As Tau. half the Baſe: 
Tan. half Sum of the Sides :: 
Tan. half Difference of the Sides: 
Tan. half the alternate Baſe. 
Where the alternate Baſe is half the Difference or 
half the Sum of the Segments of the Baſe, according 
as the Perpendicular falls within or without. 


Cor. a. In a right angled Triangle; the Rectangle 
of the Tan. of half the 2 + half one Leg, 
: and 


I 5 . | l 
4 * 
- 11 
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and the Tan. half the Hypothenuſe — half that Leg FIG. 
= Tan. Square of half the 8 Leg, For then 518 


PROP. XXXIV. 


bY fall a Perpendicular upon the Baſe of a Triangle, 42. 
150 
ine of the Sum of the Angles at the Baſe B, A: 
| yr of their Difference: 
Jan. half Sum o -£ Segments of the Baſe, AT, BI: 
Tap. half their Difference. 


For by Cor. 3. Prop. XX VIII. Cotan. A: Cotan. 
B:: S. AI: S. BI, or Tan. B: Tan. A:: S. AI: S. Bl. 
And Tan. B+ Tan, A: Tan, B- Tan. A: : S.AI+ 
S.BI : S. A I—-S.BI; that is by Cor. 4 and 1, Pr. VII. 


B. I. S.BIA : SA :: Tan. . Tan. 
x e 


1 as the Perpendicular falls within or with- 


| outy EET, 0 A will be equal to half the 
Baſe. Whence 
Cor. 1. Sine of the Sum of che Angles at the Baſe : 
, Sine of their Difference: 


Tan. half the Baſe : 
Tan. half the alternate Baſe. (ſee Cor. 1. Pr. 33.) 
For when the Perpendicular falls without, +BI be- 
comes —BI, and the contrary. 


P R OP. XV. FAD 

Let fall a Perpendicular on the Baſe, then as : 2 
Sine of the Sum of the Segments of the Baſe, Al, Bl: | i 
Sine of their Difference: 1 
Sine of the Sum of the Angles at the Vertex, AFL, BFI: J 
Sine of their Difference. | 
L2 For j 


148 
FIG. 
42. 


2 Or Sine of the Sum of the 


„ 
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0 Cor. 8. Prop. XXVII. Tan. AI: Tan. BI 
2 For by Cor. Tan. B FT. And Tan. AI+ Tan. 
BI: Fan, A I—'Fan,Bl: Tan. AFI Tan. BF I 
: Tan. AFI— Tan. BF I. that is by Cor. 4. Pr. VII. 


f S. AIT EI: S.AI-BI : : SAFI+BFI. 
S. AFI—BF 1 as the Perpendicular falls within 
or without; AI4B I; or A I1-BI is the Baſe; 
and AFI+BF}, or eee the een 
Angle. Whence 11197 fig 


Cor. As Sine of the Baſe: 
Sine of the vertical 7 
So Sine of the diff. Segments of the Baſe : 
Sine of the diff. Angles at the Vertex, when the 
el aan falls within : : 
egments of the Baſe : 
. Sine of the Sum of che vertical Angles, when the 
a Perpendicular falls without. 


PROP. XXXVI. 


As Cofene of half the Sum of two Sider, 4 A F, B 9 
Co/ine of half their Difference: : . 
Cotan. half the included Angle AFB: 
Tan. half Sum of the oppoſite Angles A, A BF. 


Put AFB FP, AF BFD, A BF+A=0Q, 


ABE—A=g. AI+BI=R, Al- BL, AFI+ 


BEI=V, AFI—BFI=». 


Then ſince the Tangents are e as the 


; Cotangents, we ſhall have 11 
Prop. 30. 8. P: 87 de, LV : T0. 


31. Cot. 2 . Cu. TE T. iq : T.:zQ 
32. Tex 11 UV. e 3 J. Q. 


And eg theſe Ratios, and expunging equal 
antities. 


8. PX Cot. <P: 8 pxcot. 29 :: Cot. Square, V 


247 X Tan 
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Tan. dne x] Bot by. Sch. Pr. 2. 1c. 


28 F or Cof der SP Lo an nd THT? 175 


7 | 
DOA, therefore Cof. Square Pe Caf, Square 


29 ꝛ: Cot. Square. RN: T. Square 1023 and Col. =P 
: Cof. 3p :: Cot. * V: Tan. + 
This is plain when the Perpendicular. falls Wai 3 
and when: it falls without ; inſtead of the third - 
portion, ſubſtitute this (by Cor. Pr. XXXII.) T. 4 
te: F. ALS and you will have at laſt, 
this; Coſ. L P: Col. £p :: Cot. v: Tan. 40. 


Cr. 1. As Sine of half the Sum of the Sides: 
Sine of half their Difference: 
Cotan. half the included po | 
Tan. half Difference of. the oppoſite a.” 
For by the former . IOs a little vary'd, 


P: 8 :: Cor. TV: T. 45 
T. IE: T. 9 e 1.49 
. Q: T. 2 0 :: Cot. EV : Tz 27 


then proceeding as before, it will be found (by Sch. 2. 
Prop. 2. B. I.) that 
S.zP: S. 29 :: Cot. V: T. 29. when the Per- 
endicular falls within; and when it falls without, in- 
ſtead of the third Proportion put this (by Cor. Prop. 
XXXII.) Cot. = V: Cot. :: Cot. + . T. 44. and 


you will get at laſt S. P: S. 2 :: Cot. 2: Tan. 29. 


Cor. 2. Coſ. half Sum of two Sides: 
Co/. half their Difference :: 
Tan. half Difference of their 1 ges: 
Tan. half Difference, or half Sum of the vertical 


Angles; according as the Perpendicular, on. 


the third Side, falls within or without. 
This follows from e preſent Prop. 51 Cor. Prop. 
XXXII. 


L3 PROP. 


** 2P FIG. 
F 42. 


1497 
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As Col. half Sum two dues A, ABF: * 
Cof. half their Difference :: : bY 
Tan. half the included Side AB: 


Tan half Sun of the oppoſite Sides, AF, BF. 
Suppoſing as in the laſt Prop. then by 


1. Cot. I rte 2 T. 77 T. 45 
F 33. of 9 85 1 1 i: : T. P 
IX an. : T.zR : T. r 


Bur (by Sch. Pr. II. B. 80. QxCat C 0. 
and 28. & Cot. 19 = = Col. iq, therefore by com- 
pounding, 


Tol. 1 Q: cg T- AR I 27. 
Or Coſ. C: Col. 22 5 T. IR: T. 1P. 


But when the Perpendicular falls without, inſtead 


of the third Proportion, put this (by Cor. Prop. 


XXIV), S. Q: Sq:: TAT: T. R. Whence at 
laſt you will have this 


Cof. : Col. 49 :: T. zr: T. 2p. 


Cor. x. Sine half Sum of two Angles, A, ABF: 
Sine of half their Difference : : 
Tax. half the included Side, AB: 
Tan. half Diff. of the oppoſite Sides, A F, B F. 
For by vary ing the Terms of the foregoing Pro- 
. it will be 


r Tn Tin 115 


but (by Sch. Prop 2. = 28. QxT. we 8 and 


$9. 1x1 * 44. therefore by compounding, 


S8. 4 8. 47: : T. ZR: T. 2p. 


If 
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If the Perpendicular, fall without, inſtead of the FIG. 
third Proportion put this (by Cor. Prop. XXXIV.) 42. 


S.Q : S.:: T. zT : T. R. which will give this 
Proportion, 8.4 Q: 8.27; T. 47 T. 5h 


Cor. 2. Coſ. % Sum of the Angles at the Baſe, A, ABF: 
Cof. half their Difference : : : 
Tan, half Diff. oppoſite Sides, A F, BF: 
Tan. half Diff. or half Sum, of the Segments of the 
| "Baſe; according as the Perpendicular falls within 
or without. 
This follows from the preſent Prop. and Cor. 1. 
Prop. XXXIII. N 


PROP. XXXVIII. 


In am ſpberical Triangle A FB; the Rectangle of the * 


Sines of any tevo Sides x Cof. included Angle + the Rett- 

angle of their Coſines X Radius Coſ. of the third Side 

X Radius Square: that is S. AB X S. F B Xx Co. B + 

(. AB x Coſ. FB x Rad = Coſ AF X Rad-. 

Let a=S.AB, m=Cof. AB, 5=S.B. IS 
S. FB, u=Cof. FB, c=Coſ. B, x=Cot. B. 
Rad. | PA=Vrrmn+bbce. 

By Trop. 3. Ls ::: 7: Tan. FB:: Cot. FB 

i (by Prop. XXVIII) c : Tan. BI= 2 And 


by Sch. Pr. 1. I. Sine of BI = _ and Coſ. BI = 


772 ; and by Cor. Pr. 6.1. Col Al, 


but by Cor. 2. Prop. XXVII. . on 2 


1: Cof, AF= 223897 


Cor. 1. The Coſine of any Angle of a ſpherical Tri- 


angle is equal to the Coſine of the oppoſite Side & 


Radius Square — the Rectangle of the Coſines of the 
L 4 includ- 


* 
* 
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| 429 


45. 
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including Sides c Radius and the whole divided by 


FARE We r 32 | 


YO} 4 a £ : 500 SPE: 


2 2. er an A —= 


S 3X Cof. FB Rad. —S.FB x Cof. ABXCoſ. B Sch. 
ä S. BNS FB | 


For ad Prop, 61-5: AT= Pee! and by Cor. by. 
Prot XXVII. £2 cb peo 8 cot A* XX 
3: p. I" 7 


N Bern 

Tr => A becauſe 25 "by Sch. Pr. 3 «<4 
FY RN bs 

5 C 

Es bay 8 = rr FBX Col. ABX verſ. B ang] 

40 S. BxS.F B 79 ＋ 0 

= = Cotan A. divu 

For ſince Cof. B=r— verl. B, therefore by Cor. 2. ing 

Cot A a 7 wil. Þ, but by Prop. 6.1. .þ 

an——bm=S,A B=FBxXr, whence the Cor. is evident. C 

S C H 01 UM. | | F 


If the Angle AB F be greater than a right Angle, Pro 
then its Coſine c will be negative. 


” PROP. XXXIX. 


The Reftangle of the Sines of two Angles X Coſine of ve 
the included Side divided by Radius Square — the Refi- 
angle of their Cofines divided by Radius, is equal to the 


Cofine of the third Angle. Cau! 
1 is, > SA 24 B 250 B N F. ; 
| PX 


Let 
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Let fall the Perpendicular B R, and pue FI. 
S. A==a, Co. Aw Coke; Gol. Abe Rad, 45 · 

SBB, Col. B=», J= VTTÞ+cc. A Wl | 


then by Prop. XVXVIII. Cot. ABR= ===, and (by 


Sch. I. he Sad 5 and its Coſine =. And 


by Prop. 6.1. SNES zer, and by Cor. 1. Pr. 


XXVII. . — :2m Col. F= 25 — 


FT 


Cor. 1. The Cofine * any Side is equal to the Rect- 
angle of the Coſines of the including Angles x Radius 
+Co/. oppoſite Angle x Radius ſquare, and the whale 
divided by the Rectangle of the Sines of the includ- 
ing Angles. 


For c or the Cof. ARB=! mnr+r 1X Cof. E 


ab 
Cr. 2. Cot. FB_S:BXCor. A , Cc Cof. BxCot.AB 
IAB — 


For let 8. AB, = Cotan. AB, then by Cor. f. | 
Prop. 6. I. Cof. KBPLTag and by Cor. 4: toe 


E, becauſe er. Or Cot. B F= 3 * be- 


SQ 


cauſe 72 os — and 72 . by Sch. Prop. 1. I. 


Cor. 3. Cotan. FB = 8 
XS. ATB -S. AxCoſ. — AB 
S. Ax S. AB 


For 


2 
1 


47. 


unf a 3285 whence L 


De EEBM NHS Boch III. 
FIG. For let v verſ AB He, and cru, ther Cot. 
45. FB= 


ern 1 r. 


— eee ;but (byPr. 5 Io 


33 2 01 34 


as. 


ax PROP. XL 


Les a, N 3, 5, f, dbe the Sines, 
and m, c, 22174 e the nes 5 of the eee, an 
Sides, us mark'd in the Figure. And 
bb=bb—ea=mm=—nn. 

and kk=1—bVpp=1—aadd. 


Radius . Then » 5 3 ET Re 
> . 389 ten bo. 
_—_ F wm= * 1 DT, 


For x. bi ; f—ug=0 n. By Prop. XXXIX. 
. By Prop. XXIX. 


3. 3. By Cor. 2. Pr. XVIII. 


For by Pr. 1. — From che two firſt 


Equations 22 2 = — vita bifm—ar 
1 


bim—aen 
Again, by the third Equation daf=bpo—ddig= 

ade—bdig, becauſe (by Prop. XXIX.) bp=ad; and 

+ 


=aefn—1n, and f=! 


„and aen 


— Fa — 227. . | | ee. 
fcb 1 Bim, whenee f. 115 — 77 ; 


becauſe iii pp. 


Cor. x. cot v abei—mn __ aem—brin 
Fn. kk *7 bim—acen 


For 
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For by the 1" and 3. ation fe. * A 


dan mn=aebi—bbii 3 whence —aehi—mn 
an 24 * 8 rbb : 


24 aebi-un | 
1—bbpp 


Again, by the 1* and I dich EE — 


Aug, and aen Caeng bin bing, whence g = = 
L 


bim-—aen 
C 2 ex S. 2 Aix S. 2B 
0-1. e 
For multiplying the 1* Equation by », and the 2 
by n, we have mn=binf—nng=aefm—mmg, and 


— | 2 — cem—bin _ 
AE . F. and 7 Rs. 
I, but (by Prop. 2. I.) 24m S. 2A, and 


an S. zB, alſo 2aa= verſ. 2 A, and 24*= verl. 2B, 
and 2bbþ—2ac= verſ. 2B—verf. 2 A = Cof. 2A — 
Coſ. 2B, and - e , for bb+1*=1 =m* t“. 0 


SC HO LIUM. 


Any of the Quantities a, 5, p, d, or m, u, i, e, may 
be expung'd by help of the Equation p gad, or the 
Tangents or Cotangents ſubſtituted for them. 


PROP. XII. 
Suppoſe 3 2 * and let * | 
DO .Y 
Sine of AB= pm = . | 


For 
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FIG. 
47. 


Y Dr EEENHEN TS Bun An. 


For 1. pns+ci=e, by Prop. XXX VIII. 
2 mds4+01 4h, by Prog XXXVIII. 


. — 1 fan- g 
10 ED bp nonnpn Fs My Prop. KXR 


to 57 Ae two "rſt Equations = /e — 2 1 295 


e \ 
and Dee and imdr—pen>=iimee 


11 e 
whence — 


dim en | | 
- Alfo by the third Equation Sect 
(ince ad=bp) adm pnac, that is Sig dm pnc, 


whence == 5 — and gi di mp en 
Fu, whence 264 _ pen+dim 
pan: 1—ppbb 1 
3 . Of A B= ei—mndp_ pin dem 
r pern, 
For by i“ and Equations, na ito E, 


8 and 


cob 2 


er whence __ D777) 
ci ice 


- Alſo by the 1* and 2 Equations $=< deb 


„ Wake 


2 mde—mdci=pni—pnec, 3 ä 
din pen im- pen 


Cor. 2. Cotan. A B= 2 2 


14 
mXS. 2 AF—nxS.2BF 


Col. 2B&r—Cui. 2 A 
For multiplying the 1* Equation by i, and the 2 
by e, we have R and cii 


cee=mdes—Ppins, whence - ein . 2med— 201, 
s ti—ee _ 2dd—2pp 


but by Prop. 2. I. 26 =S. 2 AF, and 2pi=S.2BF, and 
2dd = verl. 2 AF, and 272 verſ. 2B F, and 24d 
25D D verſ. 2A F- verſ. 2BF = Cof.2BF—Col.2AF. 


05 SCH O- 


da mere WonomfErur. 757 


$SCHOLIU . 


Any of the Quanties 4, d, b, p; or m, e, i, u, may wt 
be exterminated by help of the Equation ad=bp, or 


the Tangents . or Cotangents ſubſtituted inſtead, of 
em, 
| PROP, XII 


In any ſpherical Triangle, A B F, 
As Rectangle of the ines of the Sides A B, F 32 46. 
Radius Square : 
Verſ. 30 — 3 5 d ifference of the Sides : 
Verſ. included Angle B: 
Coſ. difference of the Sides — Cof. Baſe: 
Verſ. included Angle B. 


Let 280 B, m=Cof. AB, c=Cof. B. v=verl. B. 
þ=S.F B, A= Coſ. F B, d= Coſ. AF, Rad =r. 


* hen (by Cor. 2. Prop. XXXVIII.) a7 —— = 


abr—drr4mnr 
ö 


Prop. 6. I.) =rX Coſ. AB FB. Therefore 


xcoſ EB verſ AF verſ. AB—FB 
ab _ ” 7 


e=r—v, and v but (by Cor. 1. 


2 


KEE  * | 
Cor. 1. Rectangle of the Sines of the Sides: 
S. half Sum x S. half diff. of the Baſe and diff. Sides:: 

And verſ. Sum of the.Sides—vez/. their r 
ver /. Baſe — verſ. difference of the Sides: 

And (C/ difference Coſ. Sum of the Sides: 
-Cof. diff. Sides — Co Baſe : 

| 80 twice Radius: 

ver ſ. Angle included, B. 

For let the greater Side AB=4, leſſer * Baſe 

AF, a ex, a—e=d, v verſ. B. 


Then 


158 
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F 16. '121Then by this Prop. 8 x; Verl. — axr :: 


5 that is (by Cr 2. Prop. 


7 5. Cas, 3. Pr. * 1) 47x VET Fvert7 
, and (h Cor. 2. Pr. 3. I) S ax S. 


oy rX 85 7. GT 2. Whence you have theſe. two 
Proportions, | 


S, a Se: 8. Mo 


re. 
And the Diff. of the verſed Sines is = diff. -Colines 


, Cor, 2. Rectangle of the Sines of the Sides : 
Radius Square : : 
Verſ. Sum of the Sides — Perf. Baſe. 
Vierſ. Sup. of the included Angle B. 
For (by Cor. 1.) 
Verl. 2 —verſ. d: verl. b— verl 4: ar: v. 
And by Diviſion 
Verf. 2 — verſ. : verſ. 2 — verſ. b :: 27: 21 — , 
Or Verſ. z— veiſ. I: zr :: verſ. 2— verſ. ö: 2r—v. 


An 492 — ry :: ver. ver. 5: 2r—v, 


3. J.) S. a & S. e: rr :: verl.z 
—verl.þ : 27—v, the verſ. Sup. B. and the 15 verſed 
Sines = diff. Coſines. Whence 


Cor. 3. Verſ. Sum of the Sides — war diff. Sides : 
Verſ. Sum Sides — verf. Baſe : 
Twice Radius: 


Ver. Supplement of the included Angle B. 


Cor. 4. As Rectangle of the Sines of the Sides: 
Radius Square: 


Or as Sum of the . X diff. Sine, of 2 Sum and diff. 
Radius Square : : Jides : 


So S. 4 T Bale T ditf. Sides x S. + Bi" diff. Sides: 
Sine . of half the included Angle : : 


: 27: v. 


So S. + Sum of the 3 Sides X S. Sum 3 Sides—Batc : 
Let 


Cofin ane Square of half the included Angle B. 


IL f TRIGONOMETRY. 


Let Vg Sup. B, :=S.4B, c=Coſ.4.B. The reſt FIG, 


as before, then by Pr. 2. H) p=22c and V=, 


and (by Prop. 4. 1) W. ald, Nr 8. 2 8 


7 ad Vell. En b — 2 82. 5 and 


(by Cor. 2. Prop. 4. I) 84 x $. es, 2X2 5 . „ e. 
8.28 


S. 2 2＋§. d S. 28. 4. Now 
by t this "YE" Sans. e:rr :: verſ. - verſ. 4: v or 


Wi; ILY A Irs. = Ky 
Again a+ TAN, and 24643 wt et 0 HIT BOY). amd 


2 
and by Cor. 2. S. ax S. e: rr: e V or 


204 rn, os 8. 242 8.—: . 


2 "4 
Hence alſo, * d=a—e, 


Cor. 5. As Rectangle of the Sines of the Sides: 
Radius Square : : 


So S. Sum of 3 Sides—one Side, x S. 2 Sum — other 
Sine Square of half the included Angle. [Side : 


Cor. 6. From half the Sum of the 3 Sides, ſub- 
tract the Baſe, and two Sides ſeparately ; then 

As S. half Sum of the 3 Sides x S. firſt Difference: 

Rectangle of the Sines of the 2* and 3* Differences :: 

So Radius Square : 


Tan. Square of half the included Angle. 
For by Cor. 4. S. xs = 8. 22+2x8, = — 


(ce: rr: Tan. Square of half the * by 
Any by 


SCHO- 
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46. 


do 


— * * 1 
r * — 


schoLIU AM. 


A of theſe compound Proportions may eaſily be 


reſolved into two ſimple ones. For Example in Cor. 


4- a S 1*: + : 8.36 to the Sine of a fourth A. 


Then S.e: S. A: 8. . 24. required. And the ”"M 


may be done for the * Prop. and its Corollaries, 


VA oo 4 RRQ P; . 
In any ſpherical Triangle, 
As Rettangle of the Sines A two dongle A, B: 
Radius Square : : 4 = : | 
Verſ. Sum of the inclu ng Ang es—verſ. Sup. 3 hs 
2 included Side: - 5 e 
And ſo ver ſ third dngle—vnrſ Sup. S um of the including 
Vier included Side: [ ing les: 
And ſo Coſ diff. of the including Angles + , 3 Angle : 
* Perf. Sup. included Side: 
And ſo verſ. Sup. 3* Angle — ver / Af. including Angles: 
Jerſ. Sup. included Sige : : 
And ſo verſ. Sup. diff. including Angles—verſ. 35 abt 
Vier Sup included Side, A B. 


For let B be the greater Angle, A the leſſer, AB 
the included Side, and put 


a=S.A, m=Coſ.A, c=Coſ. AB, v verſ. AB, ; 
BS. B, a=Col.B, d=Col.F, V. verſ. Sup. AB, 


then (by Cor. x. Pr, 0 Zar 


3 but (by Cor. 1. Pr. 


abr —mntr— Are 
46 


. ATB= (by Sch. 1. I) 1 — 
5 2 | — 1 yerl. 


therefore v 


6. I.) m — 
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verl. A+B = verſ. Sup, Aff r. and dr verſ. F FIG, 


verſ. Sup. E—r, whence eL ee LOWS rr 42. 
| end £ ad 5121 

| vert n Sap. , bb; 
R. / as 


Again V=rIa-cs e But (by Cor. 1. 


Pr. 6. 1. Nez = = Co. WEIL EA verl. 


A. 


Sup. B—A—r. ThereforeV= Coſ EE r= 


verſ. Sup. F— verf. . 
ab 
verſ. Sup. BA — IP 
; a6 | 


Gr: "A As ver. Sum of two, Angles — v Diff.: 
To twice Radius:: 


Or as Co. Difference of two Afigles = Cf Sum : 
To twice Radius : 


So verſ. Sum of — including Angles — verſ. Sup 


 # © © 


Verſ. included Side :: - [third 1 
So Verſ. third Angle — Verſ. Sup. Sum of the in- 
verſ. included Side: : - [cluding Angles : 


And ſo Coſ Diff. including Angles + C 34 Angle: 
Verſ. Sup. included Side: 


And fo ver. Sup. 3 Angle er Diff. including Angles: 
Verſ. Sup. included Side: 


And fo ver/. Sup. Diff. mel. Angles — verſ. 3. Angle: 
Ver ſ. Sup. included Side, A B. 
For (by Cor. 2. Pr. 3. L As. = = 


Cof. B-A—Oof. — 
— 


verl BE A yerl B 


xr = 


A 


x7: And all the reſt fol- 


| los 2 this Prop. 


M Cor. 
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FIG. Cor. 2. As Reftangle of tha S dale 4. B; 
42. Radius Square :: + 
80 S. 4 Sum of the ineluding s 4 A Sup. 3˙ Lux 
S. 4 Sum including 1 Bo: 
Sine Square of half the, cated Side © 
And fo 8. 2 Sum of 3 7, and Sup. Som inch. 8 x 
| | 8. 2 their Diff.: 
Sine Square of half the included Side : 
So S. x Sup. 3*4-++ Diff. incl. Sens Sap. 3 K 
W395: - Ditt, Bel 28 
Coſ. Square of half the included side: 
So S. 4 Sup. Diff. incl. Z- 5 + the 478. x Sup. 
Diff. incl. .f the gf : 
Cof. Square of half the included Sid AP | 


For ſince the Diff. Coſ. = Diff veiled Sines, where 
fore (by Cor. 1. Pr. 3. 92 B+A—verf. Sup. . 
N * E, 8. Ee E. 
= 3 
An 4 ver. Fer Sup, BER 4 


. Ee B+A 48. . BEA 


And ver Sup. E=2 21 $= -A JEET! 6 


8. Sup: 185 8. Sap Exh. 


-\ 
* 1 = ” 
* * 


Lig ==Y 


And (by Pr. 2. I.) verf ABx + r= Sine. 
' A B, and verſ. Sup. ABN Tr = Cof. 


i Sup. ErStE, 


——_— 


Square 6f 


AB, then all the reſt follows rom the preſent 
Cor. 


Prop. „ « 


— = 


&. III.  TRIGONOMETRY. 

Cr. 3. Rectangle of the Sines of two Angles A, B: 
Radius Square :: 

Or Sum of the Sines x Diff. Sines, of z Sum and a 2 Diff. 
Radius Square: [Angles : 

So , 4 Sum x 27 Diff. of the 3. C and Sum incl. 


[Angles : 
Sine Square of half the included Side: 
So ( ⁊ Sum x C/ Diff. of 3* C., 10 Diff. incl. 
[Angles : 
V Square of half the included Side, A B. 


For FOF Cor. 2. Pr. 4. cee Bs BÞA 5+ + 


e wg 4 Bt XS 
2 


Wee Y xCof. 180— e Col. 
Ek? x Coſ. E +A+B 


on 4 r 


2 


Again 8. 
F * A Eg 


Re- 
2 


8.90o— n 90— m———— = Col. 


BA, 


. 


Cor. 4. From half the Sum of the three Angles, 
ſubtract each Angle at the Baſe ſeparately, and then 
the third Angle. Then 

As Rect. of the Cofines of the 2 firſt Differences: 

Rect. of the Ca. 3* Diff. and C/ + ſum of 3 Angles:: 
So Radius Square: 

Tan. Square of half the included Side or Baſe, A B. 

This follows from Cor. 3. becauſe Cof. : Sine :: 
Rad: Tangent. See Schol. Prop. XLII. 

M 2 PROP, 
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PRO P. XLIV. 
If the vertical Angle F of a Triangle A F 5 be biſect- 
ed, it will be 
As twice the Cot. of the biſeing Line FI: 
Sum of the Cotangents of the Sides A F, BF:: 
Radius : . 
Coſ. half the vertical Angle F. 


Produce FA, FI, FB to 8 6 to the 
Pole F draw the great Circle LT R, and produce 
B A to interſect it in R. And let Tan. A Sg, Tan. 


I T=c, Tan. B L=4, S.RT=y, Coſ. = F=x. Then 


the Angles at 8, T, 1 are right. 


And by Cor. y 
hex: XXVII. EU 8 75 ens 


And c: d:: 
7 SRL. And ſince 8 T=T L; therefore (by 


Prop, 3. 2212 rau or LL that is 


2cx=b+d xr. 


Cor. As twice Radius: 
Tan. biſecting Arch : : 
Sum of the Coen. Side: 
Co}. half the vertical Angle F. 


PR O P. XLYV. 


If an Arch be drawn from the Vertex to the Middle of 


the Baſe of a Triangle; then the Sines of the. vertical 
Angles are reciprocally as the Sines of - the Sides, and 
lire as the Sines of rhe Angles at the Baſe. 


For (by Cor. 1. Pr. XXIX.) S. AF IXS. A F 
S. BF Ix S. B F, becauſe A ISB I. Therefore S. AFI 


58 l F SAF:: i: (by Pr. XXIX.) SA. 
* PROP. 


ect III. of TRIGONOMETRY. 
P R O P. XLVI. 
A one right Angle: | | 
' To the Anzle intercepted between two great Circles : : 


So the Area of a great Circle of the Sphere: 
Lunular Area containd between theſe great Circles. 


Let ABC, A DC be the two great Circles; BDF 
a great Circle whoſe Poles are A and C. Divide the 
Circle BDF into an infinite Number of equal Parts, 
thro? all which draw great Circles paſſing thro? A 
and C, which will divide the Surface of the Sphere 
into the ſame Number of equal Parts, ſimilar and equal 
to one another; ſince their Baſes (in the Circle BF), 


and Sides are all equal. Therefore as the Number 


of Parts in the whole Circumference, to the Number 
of Parts in BD, that is, as the whole Circumference, 
to the Arch BD : : ſo the Surface of the Sphere to 
the Area ABCD A; or as 4 right Angles: Angle 
BA D:: Surface of the Sphere: Area AB CDA. 
But (by Geometry) the Surface of the Sphere = 4 
great Circles. Therefore as 4 right Angles: Angle 
BAD :: 4 great Circles: Area AB CDA; or as 
one right Angle : one great Circle : : Angle BAD: 
Area ABCDA. 


Cor. As 4 right Angles: 

Intercepted Angle BA D:: 
So Surface of the Sphere : 

Surface intercepted between theſe two great Circles:: 
And ſo Solidity of the Sphere: 

Solidity contain'd between theſe great Circles. 

For the Solidities are as the. Surfaces, becauſe they 
may be reſolved into Pyramaids of equal height. 


PROP. XLVIL 
In any Spherical Triangle, G; 
As two right Angles: | | 
Exceſs of the three Angles above two right Angles: : 
Area of a great Circle of the Sphere: 


Area of the Triangle. 
| M 3 Produce 
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FIG. 
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FIG. Produce all the Sides to Semicircles, then the 
50. oppoſite Angles are equal (by Cor. 1. Prop. IV.); and 


lor #—2*180) : Arca of the Triangle. 


(by Prop. IX) Triangle H=Triangle G, alſo half the 


Surface of the Sphere=G-+R+S+T; let a, b, c be 
the three Angles, then (by Cor. Prop. XLVI.) 


180: 4 :: + Surface Sphere: G+R 

180 : 5 :: + Surface Sphere: G+S 

180 : :: 4 Surface Sphere: H+T or G+T, 
therefore 180: a+b+c : : + Surface Sphere: 3G+R 
IS+T, and by Diviſion, 180 1 aþb+c—180 :: 
3. Surface Sphere: 2G :: 4 Surface Sphere, or the 
Area of a great Circle: G. | 


Cor. 1. As 1: 57.293779 :: the 3 Angles — 2 
right Angles : Area, in {quare Degrees. 
For Area of a great Circle = + Circumference x 


Radius =180 x Radius, and Radius =57.2957795 


WE: - - | 

Cor. 2. As 180 : 3 Angles — 180 : : 3.1416xRad* 
: Area of the Triangle. 
For 3.141677 = Area of the Circle, whoſe Radius 
is v. 


Cor. 3. In any ſpherical Polygon, put »= Number 


of Sides, A= 180 x #—2, Then I ſay 


As 2 right Angles or 1802: 

Sum of all the Angles of the Polygon — A : : 

So the Area of a great Circle of the Sphere: 

Area of the Polygon. 

Suppoſe the Polygon to be divided into as many 
Triangles as it has Sides, by Arches drawn from a 
Point within it. Then Since (by this Prop.) it is in 
any one Triangle, as 180: a great Circle: : Sum of 
its Angles 180: its Area; therefore by Compoſition 
it will be, 180: a great Circle :: Sum of all the An- 
gles internal and external o: Sum of all the 
Areas of the Triangles; but the Sum of the internal 
Angles 360 or 2x 180, therefore 180: great Cir- 
cle :: Sum of all the Angles of the Polygon —A 


SECT. 


. IV. of TREGONOMETRY. 


2 11 | } 


ern 


: 5 
, 
11 


| 8 E. G T. N. 
The Solution of a I the Caſes of ſpherical Triangles, 


"ITT __— 8 122 " CIT 2X © „ * * 
", 


By help of the Propoſitions delivered in the laſt Secti- 
on, all the Caſes of Spherical Triangles may be refolv- 
ed ; I ſhall give the Solution of each Caſe in particular, 
both in right angled Triangles and oblique Triangles, 
after I have ſhown how they may all be reſolved in ge- 
neral by the foregoing Propoſitions. Every Spherical 
Triangle has 6 Parts, and any three being given the 
reſt may be found. | 


The Solution of right angled Triangles. 


All the Caſes of right angled and quadrantal Tri- 
angles may be reſolved by the 26 and 27 Propoſitions 
or by Prop. XXVIII alone. | 

1. The Solution of any Caſe may be performed by 
the 26 or 27 Prop. one of the two; either immediately 
in the Triangle it ſelf; or elſe in another right an- 
gled Triangle, form'd by producing all the Sides to 
Quadrants; wherein the Parts of the Triangle are 
either the ſame, or the Complements of thoſe in the 
firſt, Thus, let A B F be the 1 Triangle, 
produce the Sides either thro' A or F, ſo that A C, 
A D, B E, and conſequently C E may be Quadrants. 
Then you have two right angled Triangles ABF, 
EDF. In the Figure ABCDEF, mark what 1s 
given and its Complement with a Daſh (/); and what 
is ſought and its Complement wi tha Cypher (o). Then 
examine the two right Angled Triangles AB F, 
EF; and obſerve in which of them, an Angle and 
y the Hypothenuſe, or an Angle and its oppoſite Side, do 
| M4 not 
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3 I'G. not enter the Queſtion, (for there are always two parts 


out of the Queſtion) 3 and that Triangle will afford 
the Solution, by applying Prop. XXVII. in the for- 
mer Caſe, and Prop. XXVI. in the latter. If any 
ſide be greater than a Quadrant, then a Quadrant 

muſt be cut off, and the ſame Rule apply'd. | 

- Quadrancal Triangles may be refolved by the ſame 
Propoſitions, if you reduce them to right angled Tri- 
angles, by producing their oblique Sides to Quadrants, 
or cutting off a Quadrant if they be bigger. As in 


the Quaiirantal Triangle A F E, produce A F, EF to 


Quadrants as A D, E B, and draw AB, E. D round 
the Poles E, A, then you will have two right angled 
Triangles ABF, E D F, to be reſolved by the for- 
mer Rule. Take an Example or two for right angled 
Triangles. 


'C | 


EXAMPLE . 


Let the Hypothenuſe AF and an Angle F be given, 
and the oppoſite Side A B required. I mark A F, F 
as given, and AB as ſought, then ſince there is an 
Angle A, and its oppoſite Side F B out of the Queſti- 
on; eee I need produce the Sides no further, for 
I have the Solution in the Triangle A B F, by Prop. 
XXVI. as Rad: S. AF:: S. F: S. AB required. 


EXAMPLE II. 


Let the Hyp. AF, Angle A be given; to find 
the other Angle F, I produce the Sides thro' F, and 
mark AF, FD, A, DC, EDas given; and F as 
ſought. Then I ſee that in the Triangle EF D, the 
Angle E and Hypothenuſe E F are not mark'd, and 
therefore by hs XXVII. S. FD: Rad:: Tan. ED: 
Tan. Angle F, that is Cof. A F: Rad: Cotan. A: 
Tan. F required. 

2. Right angled or quadrantal Triangles may alſo 
be reſolved by * XXVIII. Obſerving if * 
dle 


$6@&/IV. of TRIGONOMETRY. 


dle Part be ſought; to begin with Radius; and if one FIG. 
extream be ſought, ro begin with the other extream. 


ns 11 EKA MD LE I 
"Given the Hyp. A F, and Angle E, to find the 
Side AB; what is given and ſought being mark'd 
as in the Figure, Then AB is middle Part, and A F, 
F, extreams disjunct, therefore Rad: Coſ. Comp. AF:: 
Coſ.” Comp. F: S. A B, that is Rad: S.AF:: S. F. 
: S. AB ſought, Pp | 
. EXAMPLE I. 

Given the Hyp. A F. and an Angle A, to find the 
Angle F. here AF is middle Part, and A, F extreams 
conjunct. Therefore Tan. Comp. A: Rad:: S. 


Comp. AF: Tan. Comp. F, or Cotan. A: Rad ; 
Coſ. AF: Cotan. F. 


er 


In the quadrantal Triangle A F E, let Side A F,. 
Angle A, be given; to find the Angle F. Here A F 
is middle Part, and A and F are Extreams conjunct; 
therefore. 

Tan. EA F: Rad:: Coſ. AF: Cotan, F. 

Laſtly the Affection of the Angle or Side ſought 
will be known by Prop. XX. and Prop. XXI and its 


Corollaries; except it be ambiguous, and then it may 
be either acute or obtuſe. 


The Solution of oblique ſpherical Triangles. 


Oblique Triangles may be reſolved ſeveral ways, 
either by letting fall a Perpendicular, or without it. 
In any Triangle mark what is given with a daſh (/), 
ag what is required with a Cypher (o), to diſtinguiſh 
them. 


1. Oblique 
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, Oblique Triangles may be reſolved by the 

Rules, of right angled Triangles, - 
the Corollanies of Prop. XXVIII. with Prop. 
XXIX, XXXIE XXXII, by letting fall a Perpen- 
dicular, which either divides the Triangle into two 


right angled Triangles ; or makes two right angled: 


Triangles, by adding a right angled. Triangle to it. 

In letting fall the Perpendicylar, let it fall from 
the End of a given Side, and appoſite to a given 
Angle; and if the three Things given be adjoining 
to one another, let it alſo fall from the End of the 
Side required, or oppoſite to the Angle required; 
and then you will have enough given in one of the 
right angled Triangles to find any of its unknown 
Parts: obſerving to find ſuch'a Part (which muſt 
be either a Baſe or vertical Angle), as either of it 
ſelf, or when added to or ſubtracted from ſome 
Part given, the Proportion to find the Thing ſought 
may come under ſome of the Corollaries of Prop. 
XXVIII. 

2. All the Caſes of oblique” Triangles may alſo 
be reſolved by Prop. XXVII; XXIX, XXXII and 
XXXIII Ss, by Laing falla Perpendicular accord- 
ing to the former Directions, when there is occaſion. 
For the two laſt Caſes will be reſolved by Prop. XXXIII, 
and XXXII, and all the reſt by Prop. XXVII and 
XXIX. and they are eaſily remembered, for three of 
them are the ſame with thoſe in plain Trigonometry, 
for reſolving the like Caſes. Only there will be more 
Operations in the right angled Triangles, than if the 
Corollaries of Prop. XXVIII were made uſe of. 

3. All the Caſes of oblique Triangles (except the 
1, 4, and 2 laſt) may alſo be reſolv'd by Prop. 
XXVIII alone, by letting fall a Perpendicular divid- 
ing the whole into two right angled Triangles : In the 
firſt Triangle you have two Things given to find a 
Third, which muſt be either the Baſe or vertical Angle. 
In the ſecond Triangle you have one Thing given, or 
at leaſt you can find one Te, after the firſt Opera- 

tion 


together with 
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tion in the firſt Triangle is over; and in the ſecond FIG. 


Triangle there is alſo the Thing ſought. Then in 


theſe two Triangles you have either both the Baſes, 
or elſe both the vertical Angles. Therefore, from 


theſe, ta find the Thing required, compare theſe three 
Things in the ſecond Triangle, viz. the Perpendicular, 
the Thing given, and the thing ſought, and find which 
is middle Part, and whether the other two be Extreams 
conjunct or disjunct, in order to know whether you 
mult uſe Sines or Tangents. Do the ſame Thing in 
| the firſt Triangle, with the three correſponding Parts; 
and (ſetting aſide the Perpendicular, which is an Ex- 
tream in both Triangles;) then the middle Part 
and its Extream in the firſt Triangle, will be propor- 
tional to the middle Part and its extream in the ſecond 
Triangle. | 

For Example. Given FB, F and B; to find AF. In 
the firſt Triangle BFI, as Cotan. B: Rad:: Col. FB: 
Cotan. BF I. then you have A FI ; thert in the Tri- 
angle A FI, the Angle AFl is middle Part, and 
AF, FI Extreams conjun&t. Likewiſe in the Tri- 
angle BFI; BFI, is middle Part, and B F, FI, Ex- 
treams conjunct. Therefore Coſ. B FI (middle Part) 
; Cof. A FI (middle Part) : : Cotan. B F (Extream 
conjun&) : Cotan. A F (Extream conjunct). 

The Reaſon of this Operation will appear thus, let 
p=Perpendicular, 9=middle Part, 2=the other Ex- 
tream, in the firſt Triangle. M=middle Fart, A 
Extream in the ſecond Triangle. Then by Prop. 
XXVIII. pa=mr; andp A=M r, therefore A = 
Lor n: 47: N: A. | 
4. All oblique Triangles may alſo be reſolved with- 
out letting fall a Perpendicular, and theſe five Pro- 
poſitions, the XXIX, XXXVI, XXXVII, XL, XLI, 
and their Corollaries will reſolve them all. Thus, 
Caſe 1 and 4 are reſolved by Prop. XXIX. Caſe 2 
and 6 by Prop. XXIX and Cor. 1, Prop. —_— 

| ale 


En om au 


72 


7 ELEMENTS punt 


F. 16. Caſe Cue and; 5 by Prop. XXIX, and Cor. 1. Prop. 
53. XVII. Cafe" * Prop. XXXVI. and Cor. 1. Caſe 


8. 285 Prop. XXVI, and Cor. 1. and Prop. XXIX. 
Caſe 9 by Prop. XXVII. and Cor. 1. Caſe 10 by 
Prop. XXXVII, and Cor. 1. and Prop. XXIX. Caſe 
11 by Prop. XLII, or its Corollaries. Caſe 12 by 
Prop. XLIII, or its Corollaries. 

Laſtly the Affection of the Angle or Side ſought 
may be gathered from Prop. XVII, and its Corol- 
laries. And the falling of the Perpendicular, from 
Prop. XIX. and Cor. Prop. VIII. 

Here follow the 16 Caſes of right angled Tri. 
angles, and the 12 of oblique, In right angled Tri- 
angles, I ſhall give only the Solution by the Tables, 
omitting the Algebraic Solution; for that is very 
eaſily had by putting Letters duden of the Quantities, 
and transforming them by Sch. Prop. r:* if there 
is Occaſion. 

In oblique Triangles you have both; where note, 
that natural Sines, Tangents c. muſt be uſed in the 
algebraic Way, I refer to the Caſes in right angled 
Triangles, in the Determination of the Species of the 
Angle or Side ſought, in the Method of a fall 
a Perpendicular. 


Right 
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Right angled ſpherical Triangls, XI 


C As E I 
ed the Hypothenuſe AF, and an Angle A; to 
find the fide Aajacent A B, 


Rad : Cof. Angle A : 11 55 AF; Tan. ad- 
jacent Side A B. 


RAS 4 


If A, A F are of the ſame Affection, AB is leſs 


than a > cmd if of different Affection, more. 


— y_— yy * — 


i 


C. AS E. IL 


Given the Zyp. AF, and Angle A; to find the 
oppolite Side B F. 


Rad: S. Hyp. AF : : S. an Angle A: S. oppoſite Side BF. 


If A be acute, 5 F is leſs than go ; if obtuſe, more. 


as a 2 2 8 th. 8 np 


9141 CASE II 


Given the the. A F, and an Angle Az; to find the 
other” Angle F. | 


Rad: Cof. Hp. AF:: Tan. an Angle A : Cotan. other 
Angle F. 


When AF and A are of the fame- Affection, F is 
acute ; if of different Affection, obtuſe. 


CASE IV. 


Given the Hyp, A F, and a Leg A B; to find the 
Wor rp Angle A. 


Rad: Cot. Hyp. AF: : Tan. a Side AB : Cf ad- 
jacent Angle A. 

If A B AF be of the ſame Affection A is acute 
if of different Affection, obtuſe. 


pI 


——_—_— 
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— EEE EEE” 
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52. 


52. 
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„ edles e nn 


FIG. 9 + | 
og A nn AS E. An G 
525 en the Hyp. A F and one Side AB; to find the | the 
oppoſite: Angle F. 0 
S. Hyp. AF: Rad: S one Side AB S. its op. Angle. Tan 
It AB is lets than 90, F is acute; if more an 1 
| 90, obtuſe. | tha 
— is WM e- 
CASE VI, 
52, Given the Hyp. AF anda Læ AB; to find * 
other Leg BF. 
* * Cof. Ap. AF :: Rad : Coſ. other 
F A vo AF be of one Affection, B F is leſs than 
* if of different . more. 
. | CASE — 5 
| 52. _ Given a Side AB, and its adjacent Angle A; to 
| find the oppoſite Side FB. 
| Rad: S. one Side AB:: Tan: an Auel A n 
poſite Side F B. 
If A be acute, BF is leſs than 905 zif * * 
CASE VII. 27 E 
52. Givena Side AB * its adjacent Angle A; to find | 
r Angle F. al 
S. an Ancle A: : Cof. its agjacent Side AB: i 
| / its oppoſite Angle F. 
. It AB is leſs than 90. F is acute; a obtuſe. 
| 4:2 dos - > —— — * 8 3 113 0 
| : ASE IA 
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CASE IX 
Given a Side AB, and Angle Shacent Az 3 to find 
the Hyp. AF. 


| Of, an Ae R : Rad Toy ofjucent Side AB: 
Tan. Ap. A F. 


If A and AB be of the ſame Affection, A F is If 
than 90; if different, more. 


—U—à0— = 


0 A8 EX 
Given a Side B F, and oppoſite Angle A; to Rnd 
the Side adjacent A B. 
Nad: Cotan, an Angle A: : Tan. op. Side BF: 
8. adjacent Side AB. 


Here AB is ambiguous, that is, it may be either 
leſſer or greater than 90. 


—— — — 
rn 


— — —_— 


CASE XI. 


\ Giyen a Side B F, and oppoſite Angle A; to find 
e Angle adjacent, F. 


” 5 040 one ditt B F.: Cof. op. Angle A x: : Rad : $- 
jacent Angle F. ambiguous. p 


— Tt. 


CASE XII. 

Given a Side BF, and opp. Angle A; to find the 
Hyp. A F. 

S. an Angle A: S. op. Side BF: : Rad: S. Hyp. AF, 
ambiguous. 


Cum er oy 4 


& 
— — e 


CASE XIII. 


Given the Sides AB, FB, to find an Angle A. 
S. one Side AB : Rad : : Tan, other Side B F: Tan, 
op. Angle A. 


2 BF 1 is leſs than go, A is acute 3 if more, obtuſe. 


_—_— 


FIG. 
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CASE XIV. 


Given the Sides AB, FB; to find the Hyp. AF. 
Rad: Coſ. one Leg FB: : Cof, other L AB: 0 
AF. 
. AB, F Bate of one Affection, A F is les than G 


a Quadrant ; if of Different Affection, more. 473 A; 


— | — * 
C A SE XV. 

Given the Angles A, F; to find a Side B F. 

S. one Kl F. Rad: : Ceſ. other Angle A : Go, op 


If A be acute, BF is leſs than a Quadrant ; ; it ob- 
tuſe, it is greater. 


W 


IT 


— 


3 
Given the Angles A, F; to find the y. A F. 
Tan. one Angle F: Cotan. other Angle A : Rad Cc ol. 
Hop. A F. 
If A, F be of the ſame Affection, A F is leſs "in 
a Quadrant; if of different Affection, *tis greater. 


— — — 
— n — 2 — — — 5 —— _ * * — * > 
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Oblique ſpherical Triangles, © 
CASE I. 
Given two Sides AF, BF, and an oppoſite Angle 
A; to find the other oppoſite Augle B. 


I. Logarithmically, by the Table of artificial Sines, &c. 

S. one Side FB: S. op. Angle A : : S. other Side AF: 
S. its op. Angle B. bets 

Then AE is of the ſame Affection as — LY 


2 


2 
then B is ambiguous. 


II. Algebraically, by the Table of natural Sines, &c. 
Let d=S.AF, p=S.BF, a=S.A ; then S.B= = 


And if A+Þ be of the ſame Affection as Ap, 


CASE .IL 


Given two Sides AF, B F, and an oppoſite Angle 
A; to find the included Angle F. 


I. Lagarithmically. 
By Caſe 3. right C Triangles, R: Coſ. AF:: Tan. A 
: Cotan, AFI. | | | 
And Cotan. A F: Coſi AF I:: Cotan. BF: Ci. BF I, 
Then according as BF and Angle A are of the 
ſame or different Affection, B F I is acute or obtuſe. 
If AFI>BFI, then AFI-BFI=F if 


If AFI BFI <180, then AFI+BFI=F F both, 
then F is ambiguous. 


N Or 
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Or thus, 
Find the Angle B by Caſe 1. then 1 
f 


| II. Agebraicalh. 
5 Let a, d, p be the Sines, and m, e, i the Cofines of A, 


AF, BF. And 58 24 — S. B, »= Cof. B. And 


P 
bh b=bb—aa, =mm—nn, kk=1 —bbpp=1—aadd, 
Rad =1. 
Then S. F bb — 4 


| bim—aen kk 
Alſo ſee Cor. 1, 2. Prop. XL. 


** 


CASE III. 


Given two Sides AF, BF, and an oppoſite An- — 
8% A; to find the third Side AB. 


I. Logarithmically. 


By Caſe 1. right C. Triangles, the 
Rad: Coſ. A:: Tan. AF : Tan. Al. 
Then Coſ. AF: Coſ AI :: Cf. B F: Cof. BI. 
Then if BP and A are of one Affection, BI is leſs 
_ . N ; ” of different Affection, more. 
Bl, AI—BI=AB, 1 
If AI+BI<t80, AIK BI AB, 5 Os ow 
AB is ambiguous. 


Or thus. to 
a Fund the Angle B by Caſe 1. then 
8. — E Tin ra. 1AB. 
Ge 


II. Algebra- 


ect. IV. of TRIGONOMETRY. 


II. Algebraically. 
Let a, d, p be * Sines, and n, e, i the Co/mes of A, 4. 
AF, B F. b= 7 =S. B, = Cof. B, and I]=dd—pp 
Sii—ee, tt=1—bbpp=1—aadd, Radius 1. Then 
8. ABZ _ mid+pen 


mid—pen 17 
See alſo Cor. 1, 2. Prop. XLI. 


— 


CASE IV. 


Given two Avgles A, B, and an oppoſite Side B F; 
to find the other oppoſite Side A F. 


54. 
I. Logarithmicalh. 55 
SA: S.B F:: S. B: S. AF. 56. 


Ar: 4 is of the ſame Affection as = If 


8 be of the ſame Affection as BEA Sup AF 
hai A Fi is ambiguous. 


II. Agebraically. 
Let 4-8. A, B 8. B, p=S.BF, then S.AF= 22; 


— 


CASE V. 
Given two Angles A, B, and an oppoſite Side BF; 654. 
to find the included Side A B. 55. 
J. Logarithmically. 55. 


By Caſe 1. right . Triangles, Rad : Tan. BF : 
Co. B: Tan. BI. 
Then Cotan. B: Cotan. A:: S.B I: S. Al. 


N 2 | . If 


| 
| 


180 
FIC. 
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55 
56. 


47. 
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If A, B be of the ſame Affection, A IB IA B. 
If BI+A1 and BI Sup. A be each <180, (AI 


and conſequently) A B is ambiguous. 
If A and B are of different Affection, A I—B * 


AB. If both Al and Sup. AI be BI, then AI 


md AB are ambiguous. 
„ 
Find A F by Caſe 4. then 8. LEST e 
Tan. AFS BF Tan. * A B. 


| II. Agebraically. | 
Leet a, 5, p be the Sines, m, u, i the Cofines of A, B, 


BF,; = S. AF, e=Coſ. AF, I1=dd—pp=ii 


— Ce, t1=1—bbpp=1—aadd, Rad =1, Then 
I] __ mid+pen 
— mid—pen tt © 
See alſo Cor. 1, 2, Prop. XLI. 


CASE VI. 


Given two Angles A and B, and an oppoſite Side 


B F: to find the third Angle F. 


I. Logarithmically. 


x Caſe 5 right s) Rad: Tan: B:: Cof. BF: 
lan 

Then Gf B: S. BF]: Coſ. A: S. AF I. 

If A and B are of the ſame Affection, B FIC AF ! 

F. If both BF IAAF Land B F IA Sup. A FI be 
<<180, then (A FI and) F is ambiguous. 

If A and B are of different Affection, A FI-BFI 
F, if both AFI and Sup. ks och then 
(AFI and) F is ambiguous. 


o- 


are 


Ne. IV. of TRIGONOMETRY, 
Or thes.-: i, 
Find A F by Caſe 4. then S. N 


EF ga, 22A 


: Catan. * F. 


II. Agebraically. | 
Let a, B, p be the Sines; m, u, i the Cofines of A, B, 
BF ; d= 2. =S.AF, e= Of. AF. hb=bb—aa=mm 
- 1 Rad 1. Then 
8 F hh bim Taen 
"  bim—aen kk 


Alſo ſee Cor. 1, 2. Prop. XL. 


— 


CASE vn. 
Given two Sides A F, A B, and the included Augle 
A; to find an oppolite Angle B. 


I. Logarithmically. 


(By Caſe 1 right Cs) Rad: Coſ. A:: Tan. A F: 
Zan. AI, and A Bo AI=zTIB. 


Then S. AI: S. BI:: Cotan. A: Cotan, B. 


According as AI is Sor > than AB, B and A 
are of the ſame or different Affection. 


Or thus. | 
GABE : E Ges: 
Tan. 48 | 
4208 3 ARAB : Cotan, 2 K 
Tan, E. B 


Then 


"az 
—— 


182 


55 
36. 


457. 


FIG. Then == 55 4 — B. 
er Side. 
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Ms. * to the great- 


And === Is 222 = Augie op. to the leſſer Side. 


Note 2 is of the ſame AﬀeRion as AI 


II, Agebraicaly. 
Let 15 a, d be the Sines, c, m, e the Cofines of A B, 


A, AF. z= Cotan. AB, i= Cotan. AF, r= Cotan. 


A, Rad=1. Then | — 
Cotan. B= —— — _—_ 


— — 


CASE VIII. 


Given two Sides AF, AB, and the included 
Angle A; to find the third Side F B. 


I. Logarithmically. 


(By Caſe 1 right Z's) Rad: Coſ. A:: Tan. A F: Tan. 
Al, and AB HA I= B IJ. 
Then Cf. AI: Gf. AF:: Co. BI: Coſ. BE. 
As BI and A are of the ſame or different Affecti- 
on, B F is Sor than a Quadrant. | 


Or thus 


Find the C B by Caſe 7, then S. B: S. AF: 
SA: S. BF, 1 


| II. Agebraically. 
. 5, d be the Sines, and c, e the Cofines of AB, 


AF; m=Cof. A, v=verſ. A. D=Cof. KBY AE. 
Rad=1. Then Coſ, F B dmc e=D—s dv. 


CASE 


O'S 


deck. IV. of TRIGONOMETRY. 


1 
CASE IX. , 


= 
* 
r 


Given two Angles A and F, and the included Side 54. q 
AF; to find an oppoſite Side FB. 55. 


Wk rot 56. | 

J. Logarithmicall., 
By Caſe 3 right Ci, Rad: Tan. A:: Cf. AF: Cotan- 
AFL. and AF HSA FI BFI; then, | = 


Gf. AFI: Cf. BFI:: Gin. AF: Cotan. B F. | 
28 BFI and A are of the ſame or different 2 
BF is <or> than a Quadrant. 


Or thus. a4 


e . 1 MA 4 | 
ABBF 


Tan. 


* | 
== ; 8, 22 : Tan. 1 AF: Tan | 
ABOBE 


2 | 
Then > SIE F + — Side 


oppoſite to 


the greater Ale 
1 N A AB&©B 2 


2 


= Side opp. to the 
leſſer "e's 


Note, —= ; 18 of the ſame Affection as >. 


IT. Algebraically. 


Let a, d, f be the Sines, and n, e, g the Cofines of 47. 
A, AF and F, r= Cotan. * i= Cotan, AF, y= 
tan. F, Radius = =1, then 


Cotan. BF= Ci == + gt: 


And Cotes, a2. = 2 + mt: 


——— 


— 


—CASE 


4 
— 
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CASE _ 


| 2 Angles A and F, and the included Side A E, 
being given; to find the third Mg B. 


I.  Logarithmicaly. 


BI Coe % Krb . + GAP | 


Cutan. AFI, and AFBOAFI=BFI, then 
S. AFI: S.BFI :: A Cf B. 


Wes AFlis Sor > than AFB, B and A are 0 
the ſame or different Affection. 


Otherwiſe. 1 
Find FB by Cafe 9, chen B by Caſe 1. 
II. Algebraicaly. _ 


Let a, F be the Sines, and m, g the Cofines of A 
and F, eg Coſ. AF, Rad =, then 


Cof. B=afe—mg. Alſo ſee Prop. XIIII. 
o Ts 


61 eine AE XI. 
Given the three Sides, to find an Angle A. 


I. Lgariibmicaly 


vim an Arch 223 If 2A B — E. * 5 nar 
falls within; if leſs, without. 


Then + AB+Q= greater Segment AI or BR, 
and 2 AB Q= leſſer Segment BI or A R. then 

II. AF+FB < 180, the Perpendicular falls neareſt 
the leſſer Side. 


If AF+FB2>-180, the Perpendicular falls neareſt 


the greater Side. 


Then by Caſe 4: righ Z's. Rad: Tan. AI:: Cotan. 


AF: CA. 
Or 


Seck. IV. of TRIGONOME TRY. 
Or thus, 
s. Ahxs. Ar : Rad Square :: S. LA 


RS. : S. Square A. 


Or S.ABXSAF : Rad. Square :: S. Wera 


* . BE+ABHAE —BF : Cof. Square + A. 
See alſo "Ac XLII and Cor. 


II. Algebraically. 
Let d, s be the Sines, and e, c the Cofines of AF, 
AB; i= Cof. FB, z= Cof. AB+AF, = 


Col. ABGAE, Radius S, then Gf. A= I, 


and ver. W pe 


N—Z 


* 


— 


0 ASE XI. 
The three Angles being given; to find a Side A F. 


I. Logarithmically. 


As A, B are of the ſame or different Affection; 
the Perpendicular falls within or without. 


Cot. == Dl. ne: Tan. 2 F: Tan. an Arch Q. 


Then :F+Q= * Angle at the Vertex A FI 
or B FR. 


-- "i F oQ= leſſer Angle at the Vertex BF I or 
AFR 


Then if A+B<180, the Perpendicular falls near- 
eft the lefſer Side or greater Angle. 


If A+B>180, the Perpendicular falls neareſt the 
greater Side or leſſer Angle. 


Then by Cafe 16. right Angles, Tau. AFI: Coian. A 


:: Rad, : C. AF. 


Or 


47 
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48 3 13 
54 S. A S. F : Rad. Square 22: Cof. 522; 
5b: "2 
56. C, ELD; Sine Square æ AF. 


8 # 
kW £1 =” 


Or S.AXS.F : Rad Spire :: Co PEE x 


Ci SEO C/ Square 2 AF. 
Alſo ſee Prop. XLIII. and Cor. 


II. Atgebraically. 

Let a, f be the Sines, and m, g the Cofmnes of A and 
F, n= Cof. B, 2z= Cof. F A, x= Cof. F A, Rad = 1. 
—— PE _ 

Ce. AF EF" and AF ATEX „ 

Coſ. AF 7 and verf, AF *. 

SCHOLTI UM. 1 

Any of the Caſes of right angled Triangles is re- 
ſolved at one Operation ; but in Obliques, all but the 
1, 4, 11 and 12 require two Operations, but then they 
find two things for theſe two Operations, without a 
Perpendicular. I think it needleſs to give one Example 
in Numbers, the Directions in general for perform- 


ing the arithmetical Work in Spherics, being the 
ſame as in plain Triangles. 


47. 


t 


— — — _ 


ADVERTISEMEN T. 
HE Doctrine of Fluxions, not only explaining the Elements 
thereof, but alſo its Application and L/ in the ſeveral Parts 
of Mathematics and natural Philoſophy. By W. Emerſon. Sold by 
. Innys, in Pater. noſter Row, London. 
| Where may be had, by the ſame Author, 


The Projection of the SPHERE, orthographic, ſtereographic, 
and gnomonical, 


